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ABSTRACT

The focus of this thesis is the study of a chain of metal nanoparticles with alternat-
ing spacing, an artistic impression of which is given in figure 0.1. At first glance, this
seems like a fairly simple system but, in reality, its study is a dive into two of the
most exciting fields in modern condensed matter physics: topological insulators and
light-matter interactions. In fact, the properties of light lead us to consider some of
the most pressing questions in the field of topological insulators today.

The first half of the thesis covers all of the theory needed to understand the original
work presented in the second half. The first chapter includes a historical review
of topological insulators, an introduction to some of the fundamental concepts in
the field, and an overview of photonic and non-Hermitian topological insulators.
This is followed, in the second chapter, by a detailed discussion of the famous Su-
Schrieffer-Heeger model and important results from the theory of scattering of light
by nanoparticles.

In the remaining chapters, which make up the second half of the thesis, we present
models for the chain which take into account the nature of light and result in a wealth
of interesting topological physics. The polarisation of light affects the topology dra-
matically, with stable topology and protected plasmonic edge states in one polari-
sation and the complete breakdown of bulk-edge correspondence in another. The
absorption of light and its phase properties force the system to be non-Hermitian.
This, combined with the long range coupling of the metal nanoparticles, leads to
unexpected topological phase transitions. These results are elaborated on in the fol-
lowing work, along with extinction cross sections of the chain, a non-Hermitian next-
nearest-neighbour Su-Schrieffer-Heeger model extension, and a minimal model for
the non-Hermitian phase transitions.

Figure 0.1: Artistic impression of the chain of metallic nanoparticles with a plasmonic edge
mode, reproduced from [1]
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1 INTRODUCTION

Topological insulators (TIs) are often described as materials which have an insulat-
ing bulk and support edge or surface states, which are protected from defects and
disorder by bulk properties of the system. These have applications in spintronics and
quantum computing [ 2], but TIs are perhaps most exciting because they exist outside
of the traditional spontaneous symmetry breaking paradigm of condensed matter
theory.

Although TIs are traditionally electronic systems, photonic versions can be built out
of dielectric or metallic particles. The resultant structures manipulate the �ow of light,
and their protected edge states have applications in optical response [3], lasing [4, 5],
and waveguides [ 6–9]. Over the course of the thesis we show that the chain of metal
nanoparticles with alternating spacing is a photonic TI whose behaviour depends on
its parameters and the polarisation of light.

It is intended that this thesis be accessible to a recent physics graduate with some
knowledge of the band structure theory of condensed matter physics. This is covered
in several undergraduate textbooks, for example Hook and Hall [ 10].

1.1 overview

In this chapter, we aim to provide an introduction to TIs that could be useful for
anyone new to the �eld. The hope is that this might prove useful even beyond the
context of this thesis. This means that there is more here than strictly necessary for
understanding the original work in later chapters, but this extra information gives a
�avour of the �eld and provides some context for the work. We discuss the �eld of
TIs and the closely related �eld of photonic topological insulators (PTIs), as well as
the part played by non-Hermiticity. A summary of how these concepts are linked is
presented in �gure 1.1.

In chapter 2, we begin to focus on the speci�c theory needed for the rest of the
thesis. This includes a detailed description of the Su-Schrieffer-Heeger model and
a discussion of Mie theory and the Green's function formulation of the vector wave
equation.

In chapter 3, we build upon this theory to describe the alternating chain of metallic
nanoparticles. We discover that the topology of the chain depends on the polarisation
of the modes and examine the edge modes in the longitudinal case. We see that these
edge modes are well protected against disorder.

In chapter 4, we use a slightly different model to understand the topological prop-
erties of the transverse polarisation of the system. We elaborate on how symmetry
breaking can lead to the breakdown of bulk-edge correspondence and develop a mea-
sure for where, in parameter space, breakdown occurs.

In chapter 5, we move past the question of bulk-edge correspondence and instead
explore the topological phases of the transverse system regardless of edge modes.

13



14 introduction

Figure 1.1: Diagram of the links from the Hall effect to the rich physical phenomena sur-
rounding topological insulators, discussed in detail in section 1.2. Chern and Z 2
TIs (red) are quantum versions of the Hall effect and its cousins (orange). PTIs
emerge as a natural consequence of photonic crystals (green) and analogies to
electronic TIs. Non-Hermitian TIs are an extension of traditional electronic and
photonic TIs with added non-Hermitian ingredients (blue), such as PT-symmetry,
open quantum systems, and gain and lossy media.
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We propose a `minimal model' to describe the same topological phases and show
preliminary work in understanding the band structures of this model.

1.2 a crash course on topological insulators

We start with an introduction to electronic TIs. First, we outline the historical
emergence of TIs, from the Quantum Hall Effect (QHE) to the burgeoning modern
�eld that exists today [ 11–13], and then address fundamental concepts in topological
physics, such as topological numbers and bulk-edge correspondence. This section
culminates in the symmetry ideas that lead to the classi�cation of topological insula-
tors, the so-called `topological periodic table'.

We then discuss the analogues between electronic crystals and photonic crystals,
which give rise to photonic topological insulators [ 14–16]. These systems often come
with in-built non-Hermiticity, motivating further discussion on the thriving topic of
non-Hermitian TIs. We conclude this introductory chapter with an outline of the very
recent non-Hermitian topological periodic table.

1.2.1 History of TIs

In 1980, a mysterious discovery by von Klitzing, Dorda, and Pepper [ 17, 18] set
off the �rst domino in a chain that would lead to the establishment of the diverse
and exciting �eld of Topological Insulators (TIs). Von Klitzing et al. found that
under certain conditions the well known Hall effect behaves unexpectedly. In the
Hall effect, current I �ows through a two-dimensional plate with a magnetic �eld
B applied perpendicular to the plate axis, much like the set-up in �gure 1.2(a) [19].
The magnetic �eld diverts electrons to one side of the plate via the Lorentz force,
F = - e(E + v � B), and a potential difference VH is measured perpendicular to the
plate. Classically this potential difference increases proportional to the strength of
the magnetic �eld, VH / B.

Von Klitzing et al. discovered that for extremely low temperatures ( T < 3 K) and
strong magnetic �elds ( B > 1 T), the Hall resistance RH = VH =I has striking plateaus,
as depicted in �gure 1.2(b). At these plateaus the Hall resistance is given to incred-
ible accuracy by RH = h=�e 2 , where � is an integer. This has since allowed the
measurement of the fundamental constants h=e2 with relative errors on the order of
10- 10 [20]. In addition to this, conducting edge states which are immune to backscat-
tering exist around the edge of the plate. These states are called `chiral' because they
move in only one direction around the plate [ 21]. This was dubbed the Quantum
Hall Effect (QHE).

A semi-classical explanation is that the large magnetic �eld forces electrons into
cyclotron orbits with frequencies given by ! c = eB=me , as shown in �gure 1.2(a).
These have energiesEn =  h! c (n + 1=2), called Landau levels. In the simplest model
they are highly degenerate, as many electrons can have the same energy if they are
separated by the magnetic length

p
 h=eB. In reality, they are smeared out in energy

due to temperature, disorder and electron interaction effects. A sketch of these levels
is depicted in �gure 1.2(c).

If the Fermi level EF lies between the Landau levels, the bulk of the system acts as
an insulator and RH is at a plateau. Here the on-diagonal elements of the resistivity
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Figure 1.2: a) Diagram of the Quantum Hall Effect (QHE). b) Sketch of the Hall and lon-
gitudinal resistances, RH and Rxx , measured in a QHE experiment, based on a
�gure for GaAs at T = 0.3K with permission from Schurr [ 22]. c) Sketch of the
densities of states of electrons in the QHE. d) The Haldane model with circles rep-
resenting electron sites, black solid lines representing nearest neighbour hopping
and grey dashed lines representing next-nearest neighbour hopping. Green and
blue regions have equal and opposite amounts of magnetic �ux passing through
them due to a staggered magnetic �eld perpendicular to the plane, and the white
regions have zero magnetic �ux passing through them.

and conductance tensors are zero, meaning that the resistance and conductance in
the x direction are both zero. Figure 1.2(b) shows the zeroes for the resistance in the
x direction, Rxx , occurring at the plateas of the Hall resistance, RH . If the Fermi level
lies on a band, the system acts as a conductor andRH changes smoothly between
plateaus.

In the semi-classical picture, the electrons can't complete a full orbit at the edges
and instead skip along the boundary, creating the chiral edge modes depicted in
�gure 1.2(a). The number of edge modes is equal to the number of Landau levels
below the Fermi energy because each level contributes a different skipping orbit
along the boundary. This in turn is equal to the corresponding value of � for the Hall
resistance plateau because each new edge state increases the conductivity across the
plate by e2=h. In this way, the QHE has a property of the bulk, given by topological
number � , which corresponds to the existence of edge states. This is bulk-edge
correspondence (BEC), a key ingredient in the world of TIs.

This picture is a little naive because it requires the magnetic �eld to be very �nely
tuned, or the systems to be translationally symmetric [ 23]. This contradicts the fact
that the most striking thing about the QHE is just how insensitive it is to the magnetic
�eld. In 1982, Thouless, Kohmoto, Nightingale, and den Nijs presented a theory
for the QHE which was later shown to be intimately related to the mathematics
of topology [ 24]. Inspired by the famous Hofstadter butter�y [ 25], they de�ned a
magnetic unit cell on the 2 dimensional electron gas of the plate through which the
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magnetic �ux is an integer multiple of e=h. This allowed them to apply Bloch's
theorem and de�ne a magnetic Brillouin Zone (BZ).

Bloch's theorem states that in a system with, in this case magnetic, unit cells the
single electron wavefunction 	 (q, r) can be written as a product of the unit cell wave-
function un (q, r) and a phase factor ei q�r as follows,

	 n (q, r) = un (q, r)ei q�r , (1.1)

where un is periodic in the unit cell and n is a label for the n th band. The Bloch mo-
mentum is given by q. Using the Kubo formula for bulk conductivity of 2d systems,
and treating the system as if it has no particle interactions, this gave an equation for
the Hall conductance at T = 0K,
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where the sum is over �lled Landau levels n and UC is the real space unit cell. The
summand in the above equation evaluates only to integers, which guarantees the
plateaus seen in �gure 1.2(b) and ultimately can be used to explain the existence of
the edge states. The summand is sometimes called the TKNN invariant, after its dis-
covers, and is equal to the Chern number Cn , a concept already understood in the
mathematics of topology [ 26, 27]. The total Chern number, C =

P
n Cn , predicts the

number of edge states in the system and is equal to � . If two materials with differ-
ent Chern numbers are interfaced, then the number of edge states at the interface
is equal to the difference between their Chern numbers, with free space acting as a
trivial insulator with Chern number zero. This relationship between properties of
the bulk and the existence of edge states is commonly called bulk-edge correspon-
dence (BEC) [28, 29]. These ideas will be elaborated upon in the next section of the
introduction, but for now we continue with the historical perspective.

Alongside these theoretical developments others had already found systems where
the Hall conductance had plateaus at fractional values of � [30]. This Fractional
Quantum Hall Effect (FQHE) was shown to be due to electron-electron interactions,
where the systems could be framed as non-interacting quasiparticles with fractional
charge [31–33]. In this work we will focus mostly on single electron, or non interact-
ing, systems because these systems are more analogous to the photonic systems we
consider later, as photons do not self-interact.

As we have seen, the classical Hall Effect requires an applied magnetic �eld. How-
ever, shortly after its discovery the Anomalous Hall Effect was measured, where a
material with an intrinsic magnetisation M 6= 0 would exhibit a non zero Hall voltage,
even in the absence of an external magnetic �eld [ 34]. In 1988, Haldane introduced
a simple toy model which reproduced the Quantum Hall Effect with no net applied
magnetic �eld, setting the stage for the Quantum Anomalous Hall Effect (QAHE).

Haldane used a tight binding, nearest neighbour hopping model for graphene as
the base for his system, years before the material was isolated and subsequently
exploded in popularity [ 35]. This model produces a dispersion relation with linear
regions E / jqj, called Dirac cones, at its K and K

0
points. Haldane introduced a

staggered magnetic �eld piercing the hexagonal unit cell and considered next-nearest
neighbour hopping, as shown in �gure 1.2(d). In the diagram, white circles represent
sites, black solid lines represent nearest neighbour hopping, and grey dashed lines
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represent next nearest neighbour hopping. The blue and green areas are pierced by
equal but opposite amounts of magnetic �ux due to a magnetic �eld perpendicular
to the 2d sheet. The white areas are pierced by zero magnetic �ux. Importantly, this
staggered magnetic �eld is designed in such a way that the average �eld is zero.

Due to the Aharonov-Bohm effect, where particles moving in a closed path pierced
by magnetic �ux pick up a phase depending on the �ux [ 36], the next-nearest neigh-
bour hopping is complex valued. Each next-nearest neighbour hop gains a - � phase
in the clockwise direction and the opposite + � phase in the counterclockwise direc-
tion. This opens up a band gap and, in a similar manner to the QHE, each of the
bands has an associated Chern number. In this way, Haldane presented a model with
the same topological properties as the QHE, featuring quantised Hall conductivity
and edge states linked to the total Chern number, without Landau levels or a net
external magnetic �eld.

Several researchers expanded on this theoretical work on the QAHE [13, 37–39],
calling this type of topological insulator `Chern insulators' because of their associated
topological number. It's worth noting that the QHE is also sometimes called a Chern
insulator. The �rst experimental example of a QAHE Chern insulator was identi�ed
by Chang et al. in 2013[40].

In the mean time, a more ubiquitous type of two dimensional TI had already come
into prominence, namely the Quantum Spin Hall Effect (QSHE). In the classical
Spin Hall Effect there is no applied magnetic �eld or magnetisation. Instead, up
and down electrons are displaced towards opposite edges of the plate by spin-orbit
coupling effects. This leads to no net Hall voltage, but one can consider a non-zero
spin Hall voltage where the spins of the electrons are taken into account. Similarly,
in the quantum case there is no net edge current, but up and down electrons �ow in
opposite directions around the edge. This pair of opposite direction chiral edge states
is called a helical edge state. The �rst theoretical examples of the QSHE built upon
Haldane's work by considering graphene with the staggered magnetic �eld replaced
by spin-orbit coupling [ 41, 42]. There have been several experimental realisations of
such systems, the �rst of which was by Bernevig and Hughes in 2006 [43]. Such
systems are time-reversal symmetric and feature a net zero Chern number, meaning
that they are described by a different topological invariant. For reasons which will
become clear later, there is either one pair of protected counter-propagating edge
states or no protected edge states at all, so that their topological number can be
thought of as either 1 or 0. For this reason these systems are often referred to asZ 2

topological insulators, where Z 2 is the set containing 0 and 1.
From these building blocks, the �eld of TIs blossomed. One- and three-dimensional

materials exhibiting topological properties were discovered alongside geometric struc-
tures leading to topological effects. The scope of TIs expanded to include classical
photonic and acoustic systems whose behaviour in regular structures is analogous to
electrons in crystals, and to include systems described by Hamiltonians which do not
�t under the usual quantum mechanical requirement of Hermiticity.

The discovery of topological insulators represents a paradigm shift, moving beyond
the spontaneous symmetry breaking ideas that dominated condensed matter physics
in the past. Partly in recognition of this, Thouless, Haldane, and Kosterlitz won
the Nobel prize for physics in 2016 for their contributions to topological physics,
including the 1982description of the QHE and the Haldane model [ 44]. Von Klitzing
won his for the discovery of the QHE in 1985 [45]. In the next few sections we go
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Figure 1.3: a) Diagram of the equivalence classes of mathematical topology. b) Diagram of
equivalence classes of gapped Hamiltonians

on to discuss important concepts in TIs and examine photonic topological insulators
(PTIs) and non-Hermiticity in greater detail.

1.2.2 Bands and Topological Numbers

In this subsection we introduce some of the basic ideas of topological insulators:
the topological invariant and bulk edge correspondence. First, we start with their
link to the mathematical concept of topology.

In mathematics, topology is the study of the properties of spatial objects which are
preserved by distortion, but not by cutting or stitching. For example, a sphere can be
distorted into a cube, so the two are topologically equivalent. As in �gure 1.3(a), a
sphere must be cut or stitched in order to morph into a torus, so the two are topolog-
ically distinct. We can label the different topological classes by their genus g, equal
to the number of `holes' in the shape. Shapes with the same genus are topologically
equivalent. According to the Gauss-Bonnet theorem the Gaussian curvature, K, of
the closed 2d surface, S, of a shape is closely related to its genus,

1
2�

ZZ

S

K dA = 2 - 2g. (1.3)

How might we apply some of the ideas of topology to physics? We are interested
in insulators; materials which, at 0 Kelvin, have a band gap separating a �lled band of
valence electrons with an empty band of conduction electrons. So, instead of spatial
objects, let's consider two gapped Hamiltonians H0 and H1 and ask how we might
deform one to another. Figure 1.3(b) shows illustrative band structures and a possible
method of transformation between the two. First we de�ne a linear interpolation,
H(� ) = ( 1- � )H0 + �H 1 , and see what happens as we change� adiabatically. If, for
some value � = ¯� , the gap in the band structure of Hamiltonian H(� ) closes, we have
left the space of gapped Hamiltonians. This is equivalent to cutting or stitching when
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transforming spatial objects. If there is no way to move between two Hamiltonians
without the bands crossing, then those two Hamiltonians are topologically distinct,
much like a sphere and a torus. A topological number can be de�ned which classi�es
the Hamiltonians into two different categories: much like the genus, Hamiltonians
with different topological numbers are topological distinct.

For example, the Zak phase is a commonly used topological number in 1d systems
like the ones we study in chapters 3, 4 and 5. In higher dimensions the same phase is
referred to as the Berry phase, which is related to the Chern number, commonly used
in 2d systems. Here we introduce the Berry phase and, for completeness, discuss the
Chern number.

Consider a quantum state j	 (R)i , where R is an element of some d-dimensional
parameter space. Berry showed that, if R moves adiabatically in a closed loop through
parameter space the state picks up a phase
 , which is gauge independent. This
phase can be non zero and is known as the geometric phase or the Berry phase. This
can be calculated by considering the phase picked up over a tiny step � R and then
integrating over a closed directed curve in parameter space, labelled Q. Doing so
gives


 =
I

Q

A(R) � dR, (1.4)

where

A(R) = ih	 (R)jr Rj	 (R)i (1.5)

is called the Berry connection.
We can apply this geometric phase to a Hamiltonian whose parameters are in Bloch

space,H (q), by considering its eigenvalue equation

H (q)ju(q)i = E(q)ju(q)i , (1.6)

where E(q) are the eigenvalues and ju(q)i the eigenfunctions. Now the Berry phase
integral is over a closed curve in the BZ,


 =
I

Q

A(q) � dq =
I

Q

i hu(q)jr q ju(q)i � dq. (1.7)

In some systems the Berry phase is quantised, so that it cannot change under
adiabatic deformations of the Hamiltonian unless the bands cross. For example, in
�gure 1.3(b) the Hamiltonian H0 has Berry phase 
 = 0, and H1 has Berry phase

 = � . This indicates that the two Hamiltonians have different topological properties,
again in much the same way that the genus indicates that two shapes are in different
topological classes. Each Hamiltonian is said to have different `topological phases',
with a `topological phase transition' occurring where the bands cross. We will see an
example of how the Berry phase is applied in a 1d system in section 2.1.

Another useful concept is the Berry curvature, given by the curl of the Berry con-
nection,

B(q) = r q � A(q). (1.8)
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In the context of Hamiltonians, if the eigenfunctions ju(q)i are smooth enough the
Berry phase can be written as an integral over the entire BZ instead of a closed curve,


 =
I

Q

A(q) � dq =
Z

BZ

B(q) dq. (1.9)

This results from Stokes' theorem. If jun (q)i are not smooth, the Berry phase is equal
to the right hand side of equation 1.9 up to an integer multiple of 2� .

The Berry connection allows us to introduce the formula for the Chern number,
given by

C =
1

2�

Z

BZ

B(q) dq. (1.10)

For a 2d system, this leads to
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As alluded to earlier, this is the same as the summand in the equation for the Hall
conductance, equation 1.2. Each band has an associated Chern number given by
equation 1.11, and the sum runs over each band, leading to a total Chern number.

In a 2d system like the QHE system, the BZ is a torus due to the periodicity of qx

and qy . This means that, if it is possible to de�ne A(q) continuously over the BZ,
then the Chern number is zero. A non-zero Chern number indicates the existence of
singularities in the Berry connection, sometimes called vortices because the arrows of
the A(q) vector �eld swirl around the singularities. Each vortex contributes an integer
to the Chern number, given by the number of times it swirls around the singularity,
with the direction dictating whether the contribution is positive or negative. Plus-
minus pairs of vortices can mutually annihilate, which makes no difference to the
Chern number. Individual vortices don't disappear easily under small distortions of
the Hamiltonian, so that the Chern number does not change unless the Hamiltonian
leaves the space of gapped Hamiltonians.

This very brief explanation has left out some of the subtleties involved in these
calculations. We recommend chapter 2 of A Short Course on Topological Insulatorsfor
the interested reader [46].

From this process we have seen that the Chern number is calculated purely from
properties of the bulk Bloch Hamiltonian. One of the most intriguing aspects of
Hermitian TIs is that this number is so closely linked to the number of edge states
of the system through bulk-edge correspondence (BEC), with no need for speci�c
information about the edge. We have seen this is true for the QHE, but it is in fact a
general property of Hermitian topological insulators.

A commonly used illustration of why edge states exist at the boundary between
two materials with different topological numbers is to consider an interface between
two such materials, as in �gure 1.4(a). Either side of the interface the bands are
gapped, with the bulks acting as insulators. As we move across the interface in real
space there is a transition between topological numbers, which can only happen if
the bands close at some point, sketched in �gure 1.4(b). Edge states have energies in
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Figure 1.4: a) Sketch of two half planes with different topological numbers interfaced at x =
0. b) Sketch of band structures closing at the interface between two systems
of different topological numbers. c) Sketch of m(x) and j (x, y)j2 for the Dirac
Hamiltonian model for (a).

the gap of the bulk band structure, and therefore exist in the region where the bands
close at the interface.

A more advanced picture based on work by Jackiw and Rebbi [ 47] is to consider a
Dirac Hamiltonian with some additional mass term. Here a Dirac Hamiltonian means
a Hamiltonian linear in q, like graphene near its K and K

0
points. The added non-zero

mass term creates a gap in the band structure, and in various 1d and 2d examples [11,
46, 48] negative and positive masses are equivalent to different topological phases.
This is represented in Haldane's model; near the Dirac cone a positive mass is trivial,
C = 0, and a negative mass has Chern number C = 1. Let's consider the linearised
real space Hamiltonian for Haldane's model,

H =  hvF(- i � � r ) + m� z , (1.12)

where vF is the Fermi velocity of electrons in graphene, � is the vector of Pauli
matrices (� x , � y , � z ), and m is the mass term. We examine a system where two half-
planes of this material meet at an interface x = 0, and m is only dependent on x.
We can choose these two half planes to have different Chern number by choosing
m(x) > 0 for x > 0 and m(x) < 0 for x < 0 . This has an exact solution,
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a state which is con�ned in the x direction but moves in the positive y direction. In
other words, this is a chiral edge state. Figure 1.4(c) provides a sketch of m(x) and
the con�ned j (x, y)j2 .

TIs have been shown to exist in multiple dimensions, beyond the original 2d sys-
tems inspired by the Hall effect. In a TI with dimension d the edge states are typically
of dimension d - 1, in both the physical system and the inverse Fourier space of the
BZ. This is because the edge is one fewer dimension than the bulk. What do edge
states look like in a band structure?

Say we wish to study the edge modes of a 1d TI. We might do this by solving a
�nite chain for all of its modes, providing a range of energies but with no associated
bulk Bloch q value. This makes it hard to picture bulk and edge modes at the same
time. Later in the thesis we use a fun solution to this problem where modes are
assigned q values based on their mode pro�les. In the mean time, we superpose
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Figure 1.5: a) Upper: sketch of a �nite 1d chain with blue edge modes. Lower: sketch of
an 1d orange bulk band structure overlaid with blue edge modes in the gap. b)
Upper: sketch of a strip of C = 1 material with an edge mode indicated by a
blue arrow. Lower: sketch of the corresponding band structure with the bulk
modes in orange and the edge mode in blue. c) Upper: sketch of a strip of Z 2
insulator with edge modes in blue and red. Lower: sketch of the corresponding
band structure with the edge modes in blue and red.

edge modes (blue) onto bulk modes (orange) in �gure 1.5(a), and see that edge modes
simply sit in the gap between the valence and conduction bands.

In 2d systems we can perform the same trick of superposition of solutions of bulk
and �nite systems, or avoid this by considering a strip of the 2d material, made �nite
in the x direction and in�nite in the y direction. When we apply Bloch's theorem
in the y direction we get something which looks like the sketches in �gure 1.5(b)
and (c), although for the sake of clarity we have removed the edge mode(s) which
correspond to the left hand side of the strips. Figure 1.5(b) shows the right hand side
of a strip with Chern number C = 1, with a single edge mode (blue) connecting the
lower and upper bands (orange). The group velocity of any mode is given by d E=dq,
indicating that this edge mode travels only in the + y direction and is protected from
backscattering. Although not shown here, the left side mode would connect the two
bands in a similar way, but with a negative slope and group velocity.

Figure 1.5(c) shows a strip of Z 2 TI, with a pair of edge modes con�ned to the
right hand side of the strip. Each mode has opposite spin and travels in opposite
directions corresponding to two modes in the gap with opposite slopes in the band
structure sketch. The key property of electronic Z 2 topological insulators is that
they have a special type of time reversal symmetry, whose operator T obeys T2 = - 1.
This emerges from the spin-orbit coupling and the Fermi-Dirac statistics of spin- 1=2
electrons. Due to the nature of the time reversal symmetry, Kramers' theorem applies,
which says that every eigenstate has an orthogonal time reversed partner eigenstate
with the same energy. This means that every edge state has an orthogonal partner
edge state which travels in the opposite direction and has the same energy, causing
the band structure to be symmetric in q. Therefore every state which sits on the
centre or edge of the BZ must be doubly degenerate at that point.

Edge states at a genericq value can be deformed out of the gap adiabatically
by coupling with an edge state travelling in the reverse direction. Doing so causes
the number of edge states to decrease by4, because an orthogonal pair at - q must
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also deform out of the gap. However, edge states which cross the center or edge of
the BZ cannot annihilate as they would break the double degeneracy requirement
of Kramers' rule. This is the protected pair of edge states, allowing for either 0 or
1 pair of protected edge states in a Z 2 TI. In addition, it can be shown that the
T2 = - 1 property means that these edge states are protected from backscattering by
any impurity or deformation that doesn't break time reversal symmetry.

In three dimensions, TIs feature multiple topological invariants and can generally
be characterised as weak or strong. Weak TIs act like stacked2d systems and strong
TIs feature protected conducting surface states. Originally the study of these 3d TIs
emerged by extending the 2d QSHE [49–51]. It's beyond the focus of this thesis to
describe all of these properties, but detailed information can be found in several
review papers [ 11, 12, 52].

1.2.3 The periodic table of Hermitian topological insulators

A necessary ingredient for a Chern insulator is the breaking of time reversal sym-
metry by an external magnetic �eld or some innate property of the material. In a Z 2

insulator, the requirement is that the time reversal symmetry operator T squares to
- 1. This is ful�lled by spin-orbit coupling due to the Fermi-Dirac statistics of spin-
1=2electrons. The topological properties of these two systems are tied in some way
to their symmetry properties.

In fact, these are just examples of a wider, fundamental result: a few discrete
symmetries can be used to classify all TIs in any number of dimensions [ 53, 54].
Topological phases are de�ned by the conservation of certain discrete symmetries, as
opposed to traditional condensed matter phase transitions occurring due to sponta-
neous symmetry breaking. The categorisation of topological classes is often referred
to as the periodic table of topological insulators. This is a powerful tool which allows
the topological class of any Hermitian Hamiltonian to be identi�ed relatively easily.

Schnyder, Ryu, Furusaki and Ludwig showed that one way to classify topological
insulator Hamiltonians was to study random gapped matrices [ 55]. TI Hamiltonians
can be represented as gapped matrices, and although these are not often random be-
cause they are constructed from models of regular lattices, they can become random
under small deformations which do not close the gap. Therefore, there are random
gapped matrices which have the same topology as typical TI matrices. In their study
of random matrices, Altland and Zirnbauer (AZ) showed that there were a total of
ten different symmetry classes under which such a Hamiltonian could fall, known as
the ten-fold way [ 56].

Each of these ten symmetries is constructed out of time reversal symmetry, T, and
particle-hole symmetry, C. Both of these symmetries are anti-unitary, meaning that
they are equal to the product of a unitary matrix, UT and UC respectively, and the
complex conjugation operator K . Their effects on a �rst quantised Hamiltonian is as
follows:

T : H = Uy
T H � UT , (1.14)

C : H = - Uy
C H T UC . (1.15)
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Symmetry Dimension

Cartan T C S 1 2 3 4 5 6 7 8

A 0 0 0 0 Z 0 Z 0 Z 0 Z

AIII 0 0 1 Z 0 Z 0 Z 0 Z 0

AI 1 0 0 0 0 0 2Z 0 Z 2 Z 2 Z

BDI 1 1 1 Z 0 0 0 2Z 0 Z 2 Z 2

D 0 1 0 Z 2 Z 0 0 0 2Z 0 Z 2

DIII - 1 1 1 Z 2 Z 2 Z 0 0 0 2Z 0

AII - 1 0 0 0 Z 2 Z 2 Z 0 0 0 2Z

CII - 1 - 1 1 2Z 0 Z 2 Z 2 Z 0 0 0

C 0 - 1 0 0 2Z 0 Z 2 Z 2 Z 0 0

CI 1 - 1 1 0 0 2Z 0 Z 2 Z 2 Z 0
Table 1.1: The periodic table of topological insulators [ 54]. The �rst column represents Car-

tan's labels for matrices which obey the next three column's symmetry constraints.
T represents time reversal symmetry, C represents particle-hold symmetry and S
represents sublattice, or chiral, symmetry. For a certain dimension of the system
and a certain symmetry class the material has a certain number of topological
phases available to it. 0 means there is only the trivial phase, Z means there are
in�nitely many integer topological phases, corresponding to a Chern insulator, 2Z
represents in�nitely many even integer topological phases, another type of Chern
insulator, and Z 2 allows for two topological phases, corresponding to a spin hall
type effect.

In the second of these equations we use the transpose, which, for a Hermitian Hamil-
tonian, is identical to the conjugate, H T = H � . The reason for this will become
clear when discussing symmetry properties of non-Hermitian Hamiltonians. In ad-
dition to time reversal and particle-hole symmetry, the product of the two operators
S = T � C is known as the chiral or sublattice symmetry (SLS) operator. Its effect on
the Hamiltonian is given by

S : H = - Uy
SHU S. (1.16)

Both the time reversal symmetry and particle-hole symmetry operators square to
either plus or minus one, so that any one matrix can have T = 0, no time reversal
symmetry, or T2 = � 1. Each matrix can also haveC = 0, no particle-hole symmetry,
or C2 = � 1. The combination of these allows for 9 different symmetry classes. The
sublattice symmetry operator is �xed in all but 1 of these combinations. If a random
matrix has no time reversal or particle-hole symmetry, it is possible for sublattice
symmetry to be absent or present, represented by S = 0,1. This adds up to the ten
different symmetry classes of the ten-fold way, which are summarised in table 1.1. In
the T column, � 1 represents time reversal symmetry where the operator squares to
� 1 respectively. The same is true for the C column for particle-hole symmetry.

Each of these symmetry classes puts constraints on the time evolution operator of
the N � N Hamiltonian, exp (it H ), forcing it to be an element of a certain matrix
group. The simplest example of this is when T = 0, C = 0 and S = 0. Then there are
no restrictions on exp (it H ) except that it is unitary by nature, so it is an element of
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the unitary group U(N). Cartan classi�ed these matrix groups in 1926, and Cartan's
labels corresponding to the symmetry properties are given by the �rst column of
table 1.1.

For each symmetry class there are a certain number of Hamiltonians which cannot
be deformed into each other without closing the gap. Each of these Hamiltonians
must therefore be in a different topological phase, so that the number of inequivalent
Hamiltonians in each symmetry class therefore indicates the corresponding type of
topological insulator for this class. In table 1.1 these are labelled either 0 for always
trivial, Z for Chern insulators, 2Z for Chern insulators which can only have an even
topological number, and Z 2 for QSHE TIs.

Multiple methods can be used to populate the periodic table for topological insula-
tors [53–55, 57]. Some include the use of the fact that edge modes do not experience
Anderson localisation to reduce the study of TIs in d dimensions to a study of An-
derson localisation in d - 1 dimensions. Other ideas applied to create this table are
those of homotopy groups, K-theory and dimensional reduction.

Kitaev showed that the TI classes are periodic in d = 8 dimensions using K-theory.
The rows in table 1.1 are arranged in such as way to show the periodicity of the
system vertically. We see that there is some periodicity in A and AIII above the hor-
izontal line, as well as a periodicity in the cycle AI ! BDI ! D ! : : : ! CI ! AI.
This is known as Bott periodicity and also emerges from K-theory. The two groups
which have no time reversal or particle-hole symmetry and S = 0,1, A and AIII, are
sometimes called `complex' because no constraints are placed on the reality of the
Hamiltonian by T or C. All other classes are `real' in that there is some reality condi-
tion applied. We can see that this table ties nicely in with our already understood TIs,
for example the 2-dimensional examples of the QHE and QSHE belong to groups A
and AII respectively.

Ultimately, this table provides a powerful tool to identify the strong topological
properties of any single particle Hermitian Hamiltonian using its dimensions and
symmetry properties. On a conceptual level it also highlights that topological prop-
erties are related very closely to symmetry properties of a system. Although not
discussed here, all of this information directly corresponds to topological supercon-
ductors as well.

Limitations of this periodic table are in so-called weak topological insulators, and
the possibility of topological properties which do not directly correspond to edge
states. Additionally, the table ignores non-Hermitian systems, the �nal topic of this
introductory chapter. In fact, the Hamiltonian of the system we study in later chap-
ters is non-Hermitian, largely because it is a type of TI called a photonic topological
insulator (PTI). We therefore �rst introduce PTIs, which will provide a nice stepping
stone to further discussion of non-Hermiticity.

1.3 photonic topological insulators

Although TIs historically emerged from quantum effects, we have seen that topol-
ogy in physics is tied instead to a Hamiltonian and its symmetries, allowing classical
effects such as photonics and acoustics to exhibit topological properties [58]. Here
our focus is on photonics. The approaches one can take to involve topology with pho-
tonic systems are too many to include in this short section, so we instead present a
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basic overview and recommend several excellent reviews for the interested reader [ 16,
59–61].

To motivate their study, we note that photonic topological insulators differ from
their electronic counterparts in a few key ways. There is no photon-photon inter-
action, making single particle treatments a natural �t, although non-linearity can be
used to couple photons and mimic many body behaviour. There is no Fermi level and
no natural ground state, so the systems have to be pumped with photons in order to
see their effects. Typically PTIs exist at larger scales and are manufactured directly,
making studies of disorder and defects, as well as the topology of �nite systems,
more accessible. In addition, there are exciting potential applications for protected
electromagnetic edge states such as lasing and sensing [4, 62].

In 1987, the concept of a photonic crystal (PC) was introduced independently by
Yablonovitch [ 63] and John [64]. Yablonovich was interested in reducing losses in a
semiconductor, caused by the emission of light at a certain frequency, by embedding
it in a medium where the light could not propagate. The central idea is that a material
in which the dielectric function � (r) varies periodically in space, for example an array
of glass pillars in air, acts in a similar manner to a crystal lattice in an electronic
system. The dispersion relation of the light in reciprocal space can be found, giving
a band structure, which could be gapped. Light of the frequency in the gap cannot
propagate, making it the perfect medium in which to embed the semiconductor in
question. The �rst PC in which an optical frequency band gap existed in all directions
was fabricated in 1991by Lin et al. using an arrangement of silicone rods [ 65] after
theoretical and experimental progress in the intervening years [ 66, 67].

Evidently, gapped photonic band structures can exist in a photonic crystal. In 2008
Haldane and Raghu identi�ed PCs as a possible avenue for topological properties
and proposed a crystal made up of a gyromagnetic materials, where the permittivity
tensor is affected by an applied external magnetic �eld [ 68, 69]. By construction
this breaks time reversal symmetry and creates a band gap, setting up the conditions
necessary for a Chern insulator. Haldane and Raghu's original concept featured Dirac
cones which were gapped by a magnetic �eld, but it was shown that more general
broken time reversal symmetry gapped systems also work [ 70, 71]. A realistic system
was suggested and the �rst photonic Chern insulator experimentally demonstrated
in 2009 by Wang et al. [72]. Figure 1.6(a) shows simulations of a protected edge
state in this type of system. Like the electronic system, the photonic edge states are
unidirectional and protected from scattering by defects.

Many gyromagnetic experiments have been performed since, but they are all in
the microwave frequency band of the electromagnetic spectrum. Ideally, we would
like to be able to manipulate visible light in this way as well. Although efforts are
being made to change the status quo, currently magneto-optic effects are signi�cantly
weaker in the visible part of the spectrum.

It is important to note that photonic Chern insulators do not always require an
external magnetic �eld. Introducing a third dimension in which the light propa-
gates, allowing this dimension to be treated as if it was a time dimension, is also a
favourable method [ 73, 77]. Theory for this type of so called Floquet TI takes advan-
tage of the paraxial equation, which describes the propagation of light in a manner
analogous to Schrödinger's equation, with the third dimension substituted for time.
Figure 1.6(b) shows an experimental design of a Floquet TI. Other ideas such as those
of optomechanics or cavities can also be used to probe photonic Chern insulators.
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Figure 1.6: a) Electric �eld distribution in a PTI using an applied magnetic �eld B and
a square lattice of gyromagnetic pillars. Edge states travel around defects.
Reprinted by permission from Springer Nature: Springer Nature, Observation of
unidirectional backscattering-immune topological electromagnetic states, Wang et
al., copyright 2009[72]. b) Floquet TI, in which helical waveguides are arranged in
a hexagonal lattice. The helix shape opens up a band gap and breaks time reversal
symmetry. Reprinted by permission from Springer Nature: Springer Nature, Pho-
tonic Floquet topological insulators, M. C. Rechtsman et al., copyright 2013 [73].
c) Pseudo-spin up, j	 + j and down j	 - j travelling at the interface between a bian-
isotropic PTI and a trivial material. The edge states are protected from defects and
disorder. Reprinted by permission from Springer Nature: Springer Nature Mate-
rials, Photonic topological insulators, A. B. Khanikaev et al., copyright 2012[74].
d) Geometric TI constructed from hexamer unit cells. i) Band structure. ii) Sim-
ulation of the up and down spins between topological and trivial regions. i and
ii reprinted �gures with permission from L.-H. Wu et al., PRL, 114, 223901(2015).
Copyright 2019 by the American Physical Society [75]. iii) Experimental set up
and results, with a sharp turn showing edge states. Reprinted �gures with per-
mission from Yang et al., PRL,120, 217401(2018). Copyright 2019by the American
Physical Society [76].

We begin to run into problems when extending PTIs to include Z 2 insulators,
because photons are bosons and therefore obeyT2 = + 1 time reversal symmetry in-
stead of the necessaryT2 = - 1 symmetry. The solution is to construct some kind of
spin-like behaviour using the building blocks of the lattices themselves, or properties
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of the crystalline structure. For example, in a system of coupled resonator optical
waveguides each resonator contains modes which propagate clockwise or counter-
clockwise. The clockwise and counterclockwise modes replicate the physics of the
two different spins. The problem can also be circumvented using bianisotropic mate-
rials, which have equal electric permittivity � and magnetic permeability � [74, 78]. In
PCs made up of these materials, linear combinations of the out-of-plane component
of the electric and magnetic �elds can be treated as up and down spins, which have
the necessaryT2 = - 1 time reversal symmetry. These form Kramers pairs, which
have robust transportation, as demonstrated by results depicted in �gure 1.6(c).

It is also possible to construct Z 2 PTIs using purely geometric considerations. In
2015Wu and Hu showed that in a triangular lattice of hexagonal unit cells containing
six dielectric pillars, as in �gure 1.6(d), one could treat the unit cell as a type of atom
with a pseudo-spin that replicates the T2 = - 1 requirement and leads to Kramers
pairs [75]. In these unit cells, the spacing from the centre of the cell to the pillars
R could be varied. For R greater than a third of the lattice constant the material is
topological, and for R less than a third of the lattice constant it is trivial. This was
experimentally veri�ed shortly afterwards in 2016[76], shown in �gure 1.6(d)iii. Mul-
tiple similar designs have been demonstrated since [79, 80]. Notably the existence of
edge states in this type of PTI depends on the shape of the edge, and the PTI must be
embedded in a topologically trivial medium which obeys the same six-fold rotational
symmetry in order to preserve the edge states. This has led to some contention about
whether such materials are true TIs.

PTIs in 1d are more easily accessible than their 2d cousins. Unit cells containing
2 identical particles or other similar constructions produce sublattice symmetry and
time reversal symmetry with T2 = + 1, falling under the BDI classi�cation in the TI
periodic table. Dielectric pillars or slabs can therefore produce the desired effect [ 81–
83]

Photonic media can often feature some form of loss or gain, which causes the
�eld to decrease or grow in amplitude. One common avenue for losses is electron
scattering in metals, called Ohmic losses. This is tied closely to the phenomenon of
plasmons, which are propagating bulk excitations of electrons in a metal. In quantum
many body theory they are described by quasiparticles which are poles of the density-
density Green's function, but when we come to discuss them we will circumvent
much of the heavy theory using some simpli�cations.

A surface plasmon polariton (SPPs) is a propagating electric �eld con�ned evanes-
cently to a metal-dielectric interface, such as a gold-air interface [ 84]. A sketch is
depicted in �gure 1.7(a). This is caused by the coupling of the electric �eld with the
conduction electrons in the metal, and has the effect of squeezing electromagnetic
�elds to subwavelength scales, beating the classical diffraction limit. SPPs have their
electric �eld perpendicular to the plane of the surface, called s or TM polarisation.
Bliokh et al. have proposed that SPPs are actually a manifestation of a quantum spin
hall effect of light, with the metal acting as a 3d topological insulator [ 85] and the
SPPs as surface modes. In this case the right and left handed circular polarisations of
light in free space are treated as opposite pseudospins.

Surface plasmons can also be localised on the surfaces of small metallic particles,
in which a surface plasmon resonance between the electric �eld and electrons is
set up [89]. A depiction of this oscillating �eld is shown in �gure 1.7(b). Plasmonic
nanoparticles feature very strong near �elds and large scattering cross sections, which
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