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(Abstract

Topological nanophotonics combines the high sensitivity of nanophotonic systems with
the robustness of topological states, presenting an exciting new platform for both nanotech-
nological applications and fundamental research in topological light-matter interactions [1].
The work | present in this thesis focuses on topological insulator (TI) nanostructures
and their interactions with light, with particular focus on the terahertz (THz) regime.

Tls are insulating in their bulk and host symmetry-protected, conducting surface states
which are robust against disorder [2]. These surface states manifest as a Dirac cone traversing
the bulk band gap. TI nanostructures (all dimensions 100 nm) exhibit a discretised
Dirac cone due to quantum confinement of the topological surface states, with energy levels
separated by THz frequencies. Due to their analogy with semiconductor quantum dots and
2D topological insulator quantum dots, | refer to this system as a topological quantum
dot (TQD).

The results of this thesis are organised thematically into three areas:

() 1 expand the current knowledge of TI nanostructure electronic structures, de-
scribing the surface states and energy levels for geometries ranging from the infinite
nanowire to a flat nanodisk within a single mathematical framework [3].

(ii) I investigate the coupling of TQD states with THz frequency light, including selection
rules and the suppression of transitions away from the Dirac point when the TQD is
placed in a high quality cavity, allowing for a closed system of energy levels. Using
Monte Carlo simulations | demonstrate that a single TQD in a cavity will lase
in the THz, with an ultra-low threshold. The creation of robust, low threshold
lasers in the THz regime is a crucial frontier in modern applied physics, due to the
notorious absence of practical technologies for generating and sensing radiation in
the THz gap (0:1 10 THz). I show that thermal photons are abundant enough to
pump the system, and present a road map to room-temperature THz lasing with no
additional external pumping source [4].

(i) 1 describe how the quantised TI surface states modify the bulk properties of the
nanostructure via a new polariton mode (the SToP mode) [5], and present the
first experimental evidence of the SToP mode [6]. | demonstrate how the SToP
mode can be used to manipulate the THz behaviour of light in the environment
surrounding a TI nanostructure, by increasing the photonic local density of
states by many orders of magnitude [7]. This phenomenon has potential applications
in nanotechnology and also presents a new way of probing topological properties of
matter using light.

I hope that this thesis serves as a guide to students new to the wonderful and interdisciplinary
topic of topological nanophotonics, and that my work contributes to a slightly better
understanding of topological light-matter interactions at the nanoscale, and the manipulation
of THz frequency light.
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(Nomenclature

Here | include the nomenclature used in this thesis. This list is non-exhaustive, and

variables with superscripts and subscripts are not distinguished. Some symbols have
multiple meanings across chapters, in order to not stray too far from standard symbol use,
and their meaning is hopefully clear from context.

Acronyms and abbreviations

Acronym/abbreviation Word/phrase

1D/2D/3D 1/2/3 dimensional

A.U. Arbitrary units

Bi>Se Bismuth selenide, chemical compound
BioTes Bismuth telluride, chemical compound

Bi Bismuth, chemical element

DFT Density functional theory

DOS Density of states

El Electric dipole

E2 Electric quadrupole

EM Electromagnetic

FQH Fractional quantum Hall

FT Fourier transform

IQH Integer quantum Hall

IR Infrared

Laser Light ampli cation by stimulated emission of radiation
LDOS Local density of states

LRE Long range entanglement

LSPP Localised surface plasmon-polariton mode
M1 Magnetic dipole

MC Monte Carlo

QH Quantum Hall

QL Quintuple layer

QSH Quantum spin Hall

QSHO Quantum simple harmonic oscillator

Sb Antimony, chemical element

ShyTes Antimony telluride, chemical compound

Se Selenium, chemical element

SOC Spin-orbit coupling

SRE Short range entanglement

SToP mode Surface Topological Particle mode

Te Tellurium, chemical element

TEM Tunneling electron microscope

Tl Topological insulator

TINP Topological insulator nanoparticle (usually equiaxial)
TIQD Topological insulator quantum dot (made with 2D TI)
TQD Topological quantum dot (made with 3D TI)
TR Time reversal

Z Set of all integers

Zp Set of all integers modulop

z Set of all non-negative integers
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Constants

All constants are given in S.I. units unless otherwise stated.

Symbol De nition Value
Ag;Bo DFT-determined constants parameterising
SOC strength, given in Table 2.1
A =(2A0+ Bg)=3 Assumption of SOC isotropy 2.0 (3.0) eV A for
Bi>Tes (BiS&)
Fine structure constant 7:30 10 3
A Angstrom (not an Sl unit) 10 Om
c Speed of light 30 18 ms !
Co;C1;Cy DFT-determined constants parameterising
particle-hole disparity, given in Table 2.1.
e Electron charge 1.6 10 1°C
ev Electron volt 1:6 10 v
0 Permittivity of free space 8:85 10 2A%N m ?
GHz Gigahertz 10° Hz
h Planck constant 6:6 10 3 m%kg s !
~ Reduced Planck constant 6:63 10 s
Ke Boltzmann constant 1:38 10 2 m?kgs 2K 1
Me Electron mass 9:1 10 3 kg
Mo; M1, My DFT-determined constants parameterising
the e ective mass term, given in Table 2.1.
0 Permeability of free space 1:3 10 ®m kg s %A 2
nm Nanometre 10 °m
THz Terahertz 10'2 Hz

Variables, operators etc

Symbol De nition
a Lattice parameter, constant of dimension[L] (Chapter 4)
A(r;t) Magnetic vector potential
A(r) Vector eld
a.(t)(a;k(t)) Time-dependent Fourier coe cients
ay; (@i k) Bosonic creation (annihilation) operators for mode( ; k)
Intrinsic loss factor
") Polarizability
B(r;t) Magnetic ux density
B(r) Source function
Photon polarisation index
D(r;t) Electric displacement eld
d(e1; e2) Metric on a surface parameterized byes; es.
r() Contribution of topological surface states to time-dependent
charge density shift
e Unit vector
o(k) Particle-hole disparity, characterised by DFT-determined
constants, Cq; C1; Co.
E Energy

Eg;A1g;Eu; Ay Phonon modes.E (A) denotes in-plane (out-of-plane),g (u)
denotes Raman (IR) active modes.

() Dielectric function

E(r;t) Electric eld strength
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Symbol

De nition

E(r;!)
E(r)
(;:)
f(!)
F

F():G()H()

FT of electric eld strength
Electric eld spatial variation
Oblate spheroidal coordinates
Probability distribution

Purcell factor

Coe cients of general 2nd order ODE
Genus

Density of states

Local density of states

Partial density of states

Density of states ink-space
Gain

Scalar Green's function

Dyadic Green's function
Harmonic broadening parameter
Rate

Height

Prolate spheroidal scale factors
Oblate spheroidal scale factors
Hamiltonian

FT of Hamiltonian

Magnetizing eld

Anti-unitary matrix

Current

Current density

Jacobi polynomials

Wave vector

Modulus of wave vector
Curvature

Decay constant

Length

Linear operator

Wavelength

Dimensionless eigenvalues such thd; /
E ective mass term, characterised by DFT-determined
constants, mg; ms; m;

Manifold

Magnetization eld

Relative permeability

Dipole moment

Chern number

Unit normal vector

Photon number in mode(; k)
Occupation number
Steady-state occupation number
Number of up-tending and down-tending edge states
Frequency

Probability

Bonding, anti-bonding states
Polarisation eld

Momentum

Average radiated power
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Symbol De nition

P Power
q(t) Charge
Q Quality factor
R Radius
R (t) Temporal component of the electric eld strength
r Position vector
(n#") Spherical coordinates
(r;t) Charge density
u(r) Periodic function

(s;n;m) Quantum numbers of Tl nanostructure surface states
S Surface area

S Poynting vector
S(1) Spectral density
Xy Hall conductivity
i Interaction cross-section for transitioni ! |
abs( ) Absorption cross-section
;3" ) Prolate spheroidal coordinates
1, 2. 3 Pauli matrices
t Time
T Time period, temperature (Chapter 5)
Ts Time-reversal operator
Time scale
u(r) Displacement vector
u() Energy spectrum
% Band index
Y Volume
Vit Matrix element for transition i! f
w Work done
1 =2 Angular frequency
(X;v:;2) Cartesian coordinates

Angular part of wavefunction such that /
Wave function

j i Quantum state

(r;t) Scalar potential
General symmetry operator
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1. Introduction

"A physicist is just an atom's way of looking at itself."
- Niels Bohr!

One of the ultimate aims of modern science is the precise control of photons at the nanoscale.
This is paramount for both nanotechnological applications and fundamental research in
light-matter problems. Topological nanophotonics o ers a promising path towards this
goal [1, 10]. A key feature oftopological condensed matter systems is the presence of
topologically protected surface states immune to disorder and impurities. These unusual
properties can be transferred tonanophotonic systems , allowing us to combine the high
sensitivity of nanoscale systems with the robustness of topological states. This neotetic
eld is already rewarding us with a plethora of potential new applications and increased
physical insight into the nanoscale world.

Topological photonics  is an umbrella term for systems involving light and some sort of
non-trivial topology. When discussing topological photonics at any scale, the most commonly
invoked idea is that of purely photonic systems with non-trivial topology [1, 11 14].
In these systems, electromagnetic elds take the place of electronic wave functions to mimic
the band structure and topological properties of known topological electronic systems.
Topological photonic systems with no electronic counterpart can also be produced, leading
to topological behaviours uninhibited by the constraints of solid state systems. Excellent
and extensive reviews already exist on these photonic topological systems [12, 13], and |
will not cover the topic in any detail here. Topological photonics also covers the topic of
topological electronic systems interacting with light [6, 15 20] and this is the area
of focus in this thesis. The interaction between light and matter is arguably one of the
most fascinating topics in modern physics, and also one that has brought us a myriad of
technological advances. The burgeoning eld of topological condensed matter adds yet
another route to new physics and new applications.

Nanostructures are material structures with dimensions on the order of 1-100 nm (where
nm = 10 ° m) and may be comprised of as little as a few hundred atoms, making them an
ideal platform for studying quantum mechanical e ects. In particular, surface e ects are

1Bohr was a foundational contributor to quantum theory and atomic physics, receiving a Nobel prize
in 1922. Heisenberg said of Bohr that he was primarily a philosopher, not a physicist. He also helped
refugees escape the Nazis in the 1930s and he was eventually part of the Manhattan Project after escaping
Nazi-occupied Denmark via Sweden. Worried about how the atomic bomb created by the project would
be used, he was a erce advocate of international arms control, and had a vision of countries abandoning
isolationism in favour of true cultural exchange. On his return to Europe after the war he helped to establish
CERN and also created the Atoms for Peace conference [9].

2Neoteric: New or modern; recent.



ampli ed in nanostructures due to their increased surface-to-volume ratio, making them
especially useful in the study of topological surface states. The advances in our theoretical
knowledge of electronic structures, as well as experimental capabilities at the nanoscale
allow us to probe matter at this unigue length-scale with unprecedented control.

In the work of this thesis | focus speci cally ontopological insulator nanostructures
interacting with light . 3D topological insulators present an exciting class of materials
which have challenged our understanding of condensed matter physics and demanded the
development of new paradigms to describe their unusual properties. These materials support
symmetry-protected, conducting surface states despite an insulating bulk. The surface
states behave as relativistic, massless fermions described by a Dirac cone in the material
dispersion relation. In very small (i.e. all dimensions. 100 nm) topological insulator
nanostructures, quantum con nement of the surface states leads to discretized Dirac
cone, with constant spacing between the discrete energy levels tunable with material type,
nanostructure size and shape. The energy levels of the structure can be coupled with
THz frequency light, and in analogy with semiconductor quantum dots and topological
insulator quantum dots® (TIQDs) | refer to this system as a topological quantum dot 4
(TQD) at various points throughout this thesis. The detection and production of THz
light is a crucial frontier in modern applied physics, due to the notorious absence of
practical technologies for generating and sensing radiation in the THz gap0{1-10 THz),
with applications in areas such as agriculture [21, 22], manufacturing [23], bio-medicine [24,
25], wireless communications [26, 27] and security technologies [28]. THz waves penetrate
materials opaque to other wavelengths, while posing only minimal risks due to their non-
ionizing behaviour (unlike for example, x-rays). Academic applications range from molecular
spectroscopy [29 31] to sub-millimetre astronomy [32, 33], in uencing physics on vast length
scales. The study of topological insulator nanostructures interacting with THz light thus
presentsan exciting new platform for both fundamental research in topological

light-matter interactions and for nanotechnological applications

This thesis sits at the interface oftopological condensed matter  and photonics . Con-
scious that the reader may only be expert in one of these areas (or neither), | cover the
fundamental concepts needed to understand the work from both of these perspectives in
Part I: Theoretical Background , split into two chapters - 2: Theory of topological
insulators and 3: Theory of light . | do not assume any knowledge outside of that given
in a standard undergraduate programme. | should note that a body of work already exists
on the optical properties of bulk 3D topological insulators [15 19], but as the results of
this thesis deal with nanoscale topological insulators | will not cover those works in any

3Topological insulator quantum dots usually refer to 2D systems, although the literature is not entirely
consistent.

4There are various qualitative di erences between semiconductor quantum dots and TQDs, an important
one being that semiconductor quantum dots operate in the visible range, whereas TQDs operate in the
THz. | use the acronym TQD to distinguish from 2D TIQDs.



detail here. Instead, | direct the reader to the literature and in particular section Il D
of [18], which gives an excellent summary of the topic.

In Part II: Research topics , the work is split thematically into three chapters. In 4: Topo-
logical insulator nanostructures , | extend the results for the electronic structure of
spherical Tl nanopatrticles (TINPs) and Tl nanowires [34, 35] to includeT| nanostruc-
tures of wide-ranging dimensions , allowing for the study of any nanostructure from
an in nite nanowire to a at nanodisk within a single mathematical framework [3].
5: THz lasing with topological quantum dots covers my work on using the discrete
surface state energy levels of a TINP as a lasing system. | use a combination of analyt-
ical and numerical techniques to demonstrate that a single TINP in a cavity irradiated
with a low-intensity external source will lase from its topological surface states with an
ultra-low lasing threshold. This robust, low-threshold laser emits in the much coveted THz
regime. At room temperature, thermal THz photons are abundant enough to provide the
pumping source of the system, presenting an exciting path towardsoom-temperature

THz lasing with no additional external pumping source [4]. The light-mediated
transitions between TINP surface states drastically modi es its optical properties, resulting
in an extraordinarily strong resonance (the SToP mode) in its absorption cross-section [5].
In 6: Modifying light with topology | model this e ect in Bi,Tes, and give the re-
sults of an experimental collaboration with the groups of Dr Cecilia Mattevi (Imperial
College London) and Dr Stefano Lupi (Sapienza University of Rome), in whichihe rst

experimental observation of the SToP mode was made in Bi > Tes - remarkably at
room-temperature [6]. Additionally, in this chapter | demonstrate that the SToP mode can
be used to radicallymodify the behaviour of light surrounding a TINP , increasing

the photonic local density of states by many orders of magnitude [7]. This phenomenon
has potential applications in nanotechnologies and also presents a new way of probing
topological properties of matter using light.

| then conclude and summarise, and speculate on some future research avenues. | also
attach extensive appendices, split intoA: Useful maths, formalisms and conventions :

B: Supplementary derivations and information and C: Numerical methods . Many

of the appendices simply provide extra information for interested readers, but slightly
sel shly | have also included extended versions of derivations and de nitions that did not
make the nal cut of the thesis but that | wanted to keep somewhere safe for my own
reference. A diagrammatic summary of the topics and main results of this thesis can be
found in Figure 1.1.



Figure 1.1: Thesis schematic: A graphical abstract of the content and main results
covered in this thesis.









2. Theory of Topological Insulators

Much of modern physics is built on the concept of symmetries and the resulting conserved
quantities elegantly described byNoether's theorem *. In condensed matter physics,
we are most familiar with the symmetries and phases of matter characterised by local
order parameters within the Landau theory of phase transitions [38, 39]. However, in
the last few decades the exploration ofopological phases of matter  has led to many
new developments in our understanding of condensed matter physics, culminating in a
Nobel prize for Thouless, Haldane and Kosterlitz in 2016 [40] and a Breakthrough prize in
fundamental physics for Kane and Mele in 2019 [41].

In particular, this thesis deals with 3D topological insulators  (TIs). Topological insula-
tors are materials with a gapped Hamiltonian, whose topological surface states are protected
by time-reversal symmetry [42 46]. In order to fully understand the physics of these systems,
I will rst explain how symmetry and order can be used to characterise material phases.
The concepts of symmetry and order are key to the description of topological insulators,
but the standard paradigm of local order is no longer su cient to explain them and we
must instead invoke the concept oftopological invariants

| will describe how topology manifests in theband structure  of a material, and why edge
states often arise in these systems. | demonstrate this speci cally faime-reversal (TR)
symmetric  systems [44] and thus topological insulators.

The materials of interest in this thesis are in the BpSey family, which are some of the most
theoretically well-studied [47 49] (and experimentally realised [46, 50, 51]) 3D Tl materials.
Knowledge of thefour-band bulk TI Hamiltonian [48, 49] speci ¢ to these materials
is crucial for the derivation of topological insulator nanostructure surface states given in
Chapter 4, which then leads on to the applications of topological insulator nanostructures
interacting with light, described in Chapters 5 and 6. The results of Chapter 6 concern
hybrid modes involving the bulk phonons of topological insulators, and so | give an
overview of the bulk phonons expected in these materials and their origin.

YEmmy Noether was a groundbreaking German mathematician who made seminal contributions to both
mathematics and physics. As a student, she was only allowed to audit classes at the University of Erlangen
as she was prohibited from fully participating due to her gender. When she began teaching, her classes were
advertised under the name of her male colleague, David Hilbert, and she was only credited with assisting in
teaching. Even when she published the theorem now known as “Noether's theorem', it was Felix Klein who
presented it to the Royal Society. In 1933 when Jewish professors were banned from working at universities
by the Nazis, she moved to America where she taught until her death in 1935 (at the tragically young age
of 53) [36]. Upon hearing of her death, Einstein wrote to the New York Times describing her as "the most
signi cant creative mathematical genius thus far produced since the higher education of women began." [37]
and some of her work became the basis of General Relativity.
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A growing number of reviews and books on topological insulators exist [2, 18, 52 55], so

| direct the reader to these for a more comprehensive overview of the eld. Topological
insulators are only one type of topological quantum matter - topology also crops up in
various areas of condensed matter, as well as other areas of physics. In the last section of
this chapter | will attempt to contextualise topological insulators in the larger landscape of
topological quantum systems

Symmetry and topology

"It is only slightly overstating the case to say that physics is the study of symmetry."
- P.W. Andersor?

Symmetry has a well-established role in physics and the search for symmetry has been a
driving force behind many theoretical developments [57, 58]. In this section | will cover how
the elementary concepts of symmetry and conventional (local) order are used to classify
systems in condensed matter physics, and how these ideas can be extended to global order
and topological phases of matter.

Symmetry and conventional order

Somesymmetries are so intuitive that one might not even think to describe them in
the formal language of symmetries. As an illustrative example, if we were to measure the
time-averaged density of a liquid (such as the one illustrated in Figure 2.1a) at two points
separated by an arbitrary translation, we would expect the results to be the same. Similarly,
if we were to rotate the liquid by some arbitrary angle, we would expect the density and
other physical properties of the liquid to be invariant. In physics, the idea of symmetry
is synonymous with invariance. A symmetry entails a system beingnvariant under a
transformation, either in nitesimal (leading to a continuous symmetry) or nite (resulting

in a discrete symmetry).

If the liquid were to be cooled, we might expect it to undergo aphase transition to
a solid, crystal phase as illustrated in Figure 2.1a. This periodic crystal of atoms no
longer obeys continuous translational or rotational symmetries. It is now only invariant
under discrete translations and rotations. The symmetries of the crystal give us a way to
classify it.% It is also very important to note that symmetry is not only limited to spatial

2Taken from "More is di erent" [56]. This article is a good read for any budding condensed matter
physicist, as it gives a nice summary of the shortcomings of reductionist science. Anderson made many
seminal contributions to condensed matter on the topics of localization, antiferromagnetism and symmetry
breaking. His work on symmetry-breaking also led to advancements in particle physics and the eventual
development of the Standard Model.

3This is usually done with the elegant method of group theory, which is not strictly needed for the work
of this thesis so | omit it here, but this method is demonstrated in Reference [49].



Figure 2.1: Conventional phase transitions: (@) Solid-liquid phase transition. (b)
Displacement eld u(r) gives the displacement needed to bring the ideal lattice into line
with the atoms in the local neighbourhood ofr. There is an ambiguity in this de nition
due to freedom to choose the reference atom, such that(r) u(r) + (2 may; 2nay), where
m and n are integers.

transformations (such as translation, rotation, inversion, re ection etc), but a system can
also display symmetries with respect to time, or internal symmetries relating to its internal
degrees of freedom such as spin or charge.

We can say that the liquid phase has a higher level of symmetry than the solid phase, as
the symmetries of the solid phase are a subset of those describing the liquid phase. In
order to change between these phases (i.e. for a phase transition to occur), symmetries
may be introduced or broken? Every symmetry is linked to a conserved quantity. For
example, temporal invariance leads to energy conservation in a system. Translational
invariance results in the conservation of momentum. This important concept is described
by Noether's theorem [59], and conservation laws for discrete symmetries also exist and
reduce to Noether's theorem for in nitesimal transformations.

Complementary to the idea of symmetry, the notion of order can also be used in con-
densed matter to characterise the varying internal structures of di erent states of matter.
When a crystal is deformed, defective or heated to high temperatures, the atoms will be
displaced from their lattice positions to form the liquid phase. The vectors describing the
displacements,u(r), are equivalently the vectors needed to bring the atoms back to an ideal
lattice in their local neighbourhood , described byr  r©(depicted in Figure 2.1b). As it
is ambiguous which ideal atomic position should be associated with each atom, really the
displacement vector is de ned up to the addition of an integer sum of the lattice vectors,

“Phase transitions can also occur without symmetry breaking, but | will not comment on those here.



2.1.2

such that in 2D, u(r) u(r)+( may;nay). A perfect crystal will be denoted by ju(r)j =0
(such that there is no displacement from the ideal atomic positions), angu(r)j & 0 denotes
a disordered system. A small deformation of the system Hamiltonian may triggeju(r)j to
grow from zero, signalling a phase transitior?. Phases can usually be determined viéocal
order parameters , in which the order parameter eld at a point is de ned in the local
neighbourhood of that point. e.g. the displacement eld for the solid-liquid transition that
we have just discussed. It should probably be noted thati(r) is a slightly messy order
parameter as it would be rather di cult to measure. An alternative order parameter would
be shear modulus (as liquids deform under shear stress, while solids do not).

Topological invariants

"Topology is precisely the mathematical discipline that
allows the passage from local to global."
- René Thonf

So far we have spoken about howymmetry and local order can be used to characterize
condensed matter systems. Local order parameters can be measured with local probes
of the system (equivalent to our previous description that a local order parameter at
can be constructed only with the knowledge of the regiorO(r  r9 wherer rCis small).
However, local order parameters are only one way to classify systems. As well as local order
parameters, systems may also be described by their topological propertiesopological
invariants give us another way to classify systems, where systems are categorised by
parameters which require a global measurement of the entire system rather than local
probing.

Mathematically, these invariants are usually constructed as integrals of a local property over

a closed parameter space. The classic example used to demonstrate the di erence between
local and global measurements is that of the sphere versus the tordsLocal curvature of

a surface can be measured via

K = hror 1 1 1r 2)eqjeni
det(d(es1; e2)

(2.1)

where e; and e, are unit vectors on the surface andd(e;; e;) is the metric of the surface.

SWe will not worry about the distinction between rst- and second-order transitions in this thesis, but
for completeness, this is a rst-order phase transition and there is a discontinuity in the entropy over the
phase transition, due to the existence of latent heat. More details on the distinction can be found in [38,
39].

5Thom was a mathematician most well known for his work in topology and catastrophe theory, a subset
of singularity theory. He was awarded a Fields medal in 1958 for the development of Cobordism theory, the
study of the di erence between all closed manifolds and those that are boundaries.

"This would hardly be a thesis on topological condensed matter without the obligatory reference to tori
(plural of torus) morphing into co ee cups or a similar description.
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Figure 2.2: Topological invariants: (a) A local geometry can have positive or negative

curvature with respect to a reference point. When integrated over a closed surfac#] , the

auss-Bonnet theorem links the curvature of the surface to its genug, via the relation
v KdS =4 (1 g). The genus of(b) a sphere isg=0, and (c) atorusisg=1.

For the sphere and torus,

Sphere K =1=R?; (2.2)
: 4cosé) )
(Rout * Rin)((Rout + Rin) +(Rout  Rin)cos@))’

Torus K (2.3)
where R is the radius of the sphere, and for the torus# 2 [0;2 ] and R;, and Ry are the
inner and outer radii respectively. A good general reference on di erential geometry is [60],
for the interested reader. Curvature of a surface is positive or negative depending on if it
is convex or concave with respect to a xed point (as depicted in Figure 2.2a). For the
sphere (given in Figure 2.2b), curvature is always positive, whereas for a torus (depicted in
Figure 2.2c) the curvature is positive, zero or negative at di erent points on the surface.
The curvature of the surface at a point may change under continuous deformation. However,
integrating the curvature over the entire closed surface always gives the same value, as per
the Gauss-Bonnet theorem , such that

Z

KdS=4 (1 g); (2.4)
M

where g is a non-negative integer such thatg 2 Z . For the sphere, this integral gives4 |,
and for the torus we obtain 0. The genus, g, can be identi ed with the number of "holes'

in the surface, i.e. g = 0 for the sphere andg = 1 for the torus. The genus of a closed
surface is identi ed as atopological invariant  of the surface, and cannot be measured by
a local probe, but can only be ascertained by integrating over the entire surface. Surfaces
with the same value of genus (such as a co ee cup and a torus, or a sphere and a disk) can

11



2.1.3

Figure 2.3: The road to 3D topological insulators: (a) Quantum Hall system, sup-
porting protected edge states. First discovered in 1980 [61] with the explanation of the
guantised Hall conductance following shortly after in 1982 [62](b) The rst proposals of
the Quantum spin Hall system (2D topological insulator) came in 2005 [43] and 2006 [63].
The generalisation to(c) the 3D topological insulator followed in 2007 [47] .

be smoothly deformed into each other, and no smooth transformation will deform a sphere
to a torus or vice versa’®

This brings us to the idea that topology is really about whether or not you can continuously
deform things into each other. We will see in the next section how this applies to condensed
matter systems, in which the space of eigenstates of a system takes the place of the closed
surface,M .

Topological band structures and surface states

The notion of topology in condensed matter physics was introduced by Klitzing and his
discovery of the2D quantum Hall  (QH) state [61], with Thouless et al. explaining the
guantization of the Hall conductance in 1982 [62]. A quantum Hall system is created
by passing a strong magnetic eld through a 2D system of electrons at low temperature
(illustrated in Figure 2.3a). Physically this could be something like a sheet of graphene or
a thin, semiconductor Im. The band structure of a conducting material would normally
have overlapping valence and conduction bands, with electrons able to move through the
material on the application of a voltage. The magnetic eld causes a gap to open between
the energy bands, and the strong cyclotron orbits of the electrons in the bulk material cause
them to become localized, such that they cannot move freely. Charge builds up on the edge
of the 2D system and a transverse conductance called theall conductance , y, can be
measured. A stair-like series of quantised plateaux is seen in the Hall conductance, and we
can only change between plateaux by a large deformation of the Hamiltonian.

The space of eigenstates of a Hamiltonian holds the information on the e ect of the crystal

8By smooth deformation | mean a continuous transformation in which we are not allowed to cut or
puncture the surface.

This is re ected in g being an integer, as a sphere cannot slowly be deformed to a torus with g taking
an intermediate value between zero and one - the nhumber of holes in the surface can intuitively only be an
integer.
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on electrons in a material [64, 65]. Their corresponding eigenvalues give the band structure.
Analogous to the Gaussian curvature described in Section 2.1.2, theerry curvature

of the space of eigenstates can tell us a lot about the physical behaviour of a condensed
matter system. In a crystalline structure, we can exploit the periodic nature of the crystal
potential to employ Bloch's theorem  [64, 65], such that the wavefunctions can be written

in the form

vik(r) = ek rUv;k(r); (2.5)

wherev is a band index, k is a wave-vector inreciprocal space (conventionally chosen
to be in the Brillouin zone %) and u,(r) is a periodic function. We can then calculate
the Berry curvature in reciprocal space. Bloch's theorem also implies that the Brillouin
zone itself is closed, and so we are able to integrate curvature and other quantities over a
closed surface, as we did with Gaussian curvature of the previous section. Integrating the
Berry curvature over all occupied eigenstates (i.e. lled bands), the resulting topological
invariant tells us something about the system (much like genus in the case of the sphere
and the torust?).

The Berry curvature can be calculated by measuring the phase picked up when moving
through the space of eigenstates. The phase measured can be split into two parts - a
dynamical phase and a geometric phase, known as ttigerry phase . The Berry phase is
an incredibly important quantity in topological condensed matter, but the results conveyed

in this thesis can actually be discussed without too much knowledge of the Berry phase
or resulting Berry curvature, once the idea of topological invariants is accepted. For that
reason, | give a short discussion of the Berry phase in Appendix B.1 but otherwise leave
in-depth discussion to many excellent references [54, 55, 66 69].

The topological invariant resulting from the integration of the Berry curvature over the
occupied eigenstates of the system is A invariant known as the rst Chern number  of
the system,n. As we already know, systems with di ering values of a particular topological
invariant cannot be smoothly deformed into each other, and a topological phase transition
must occur to pass from one phase to another. For the quantum Hall system, the rst
Chern number directly relates to the the Hall conductivity, , = ne?=h, explaining the
experimentally observed plateaux.

The topological invariants of a system are encoded in the eigenstates of the system, but the
band structure can also exhibit signatures of topology. While topological phases can occur
for a plethora of di erent condensed matter types (explained more in Section 2.4), for the
purpose of the topics covered in this thesis we limit ourselves teingle-electron models

of insulators . We assume a gapped band structure with=ermi level residing in the gap

The 1st Brillouin zone is the Wigner-Seitz cell , a primitive cell in reciprocal space .
"n fact, the equivalency of Berry curvature and Gaussian curvature can be directly calculated by
considering a parameter space using the instantaneous eigenstates of the system as a basis [66].
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Figure 2.4: Topological band structures: (a) Visualisation of the transformation
H ! H%in which (i) the band gap remains open during the transformation, meaning
that both Hamiltonians exist in the same topological phase andii) the gap closes during
the transformation, signalling a potential topological phase transition. (b) Typical band
structure of a Tl in which symmetry-protected conducting edge states traverse the gap(c)
In materials containing heavy elements, the spin-orbit coupling can be so strong that at
the point, higher bands are pushed below lower bands, resulting in band inversion.
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(i.e. bands are lled up to the gap, and so the occupied eigenstates of the system are simply
the valence band). We now discuss how topology manifests in the band structure of these
systems.

For a general, insulating system described by the HamiltoniarH , we may smoothly deform
our system to one described by a new HamiltoniarH © by slowly varying the parameters of
the Hamiltonian, as illustrated in Figure 2.4a. If the band gap remains open during the
transformation (as shown in Figure 2.4a(i)), the number of states residing in the valence
band is necessarily conserved, as although these states can mix amongst themselves during
the transformation the only way for the humber of states to change is to close the gap
and allow states to enter from or leave to the conduction band. Topological invariants
of the system are calculated by integrating curvature or an analogous property over the
occupied bands of the material, and so will only change value if the band gap closes during a
transformation (shown in Figure 2.4a(ii)). The band gap closing signals that aopological
phase transition may occur, as it is at this point that the topological invariant can
change value. If a topological phase transition does occur, thed and H°exist in di erent
topological phases. If the gap remains open during the transformation themd and H°
remain in the same topological phase. The gap remaining open is often enforced by a
system symmetry, and so in order for a topological phase transition to occur a symmetry
breaking must occur. If the symmetry is preserved then no topological phase transition will
take place.

The Hamiltonian H describes all electrons in the material and is thus a bulk Hamiltonian
- the topological invariant described above is a bulk quantity. For an insulating material
with a non-zero topological invariant surrounded or adjoined by an insulating material of
a di erent topological invariant (for example vacuum, which is a trivial insulator with a
topological invariant of zero), we have a boundary on the interface of these two insulators
with di ering topological invariants. The change in topological invariant at the boundary
requires the band gap to close, whilst remaining gapped in the bulks of both media. This
results inlocalized boundary states , which necessarily traverse the band gap. Physically,
the picture we then have is of an insulating bulk, with conducting states localized on the
boundary of the material as illustrated in Figure 2.4b. For the case of a quantum Hall
system, thebulk-boundary correspondence  [70 72] tells us that the rst Chern number,
n, also tells us the net number of edge states,

n=N, N ; (2.6)

where N. is the number of edge states going from the valence band to the conduction
band (with increasing k = jkj) and N counts the number of edge states travelling from
the conduction band to the valence band.

Itis important to emphasise that looking at the energy spectrum is not enough to characterise
the topological state of a system. Information on topology is encoded in the eigenstates.
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2.2

However, band structure and the existence of states traversing the band structure of an
otherwise gapped system does give a signature of topology.

Time-reversal symmetry and topological insulators

Whereas quantum Hall states explicitly breaktime-reversal (TR) symmetry , new
topologically non-trivial materials obeying TR symmetry have been discovered. The rst
proposals of the 2Dtopological insulator  (TI) - otherwise know as the quantum spin
Hall state (depicted in Figure 2.3b) - were remarkably recent (Kane and Mele, 2005 [43],
Bernevig and Zhang, 2006 [63]), and the 3D generalisation came soon after in 2007 [47]
(depicted in Figure 2.3c). Experiments have shown that these new phases of matter are
both realisable and accessible [46, 50, 51].

Topological insulators owe their non-trivial topology to strong spin-orbit coupling 12
which causes the bottom of the conduction band and top of the valence band to be pushed
towards each other and overlap, with a gap at the band crossing. This process and resulting
band inversion is depicted in Figure 2.4c. The band gap is protected by time-reversal
symmetry, and will only close if a TR-breaking perturbation such as an external magnetic
eld is introduced. As explained in the previous section, we expect surface states to traverse
the gap. The surface states of topological insulators manifest aslairac cone , that is to say

a linear dispersion relation. The surface states thus describe relativisttié, massless fermions.
These surface states are protected by time-reversal symmetry and so are robust against
both disorder and non-TR breaking perturbations. These states experience spin-momentum
locking, such that the surface state is spin non-degenerate and the direction of the spin is
perpendicular to the momentum vector and is primarily con ned in the surface plane. This
results in a dissipationless spin current existing on the surface in equilibrium, as there is no
net charge ow but the spin angular momentum ows in the direction perpendicular to the
spin direction.

As the band gap is protected by time-reversal symmetry, the conducting edge states are only
present when TR symmetry is preserved, such that the fermionic time-reversal operatofr;
commutes with the system Hamiltonian[H ; Tf] = 0, and the fermion condition, T2 = 1, is
obeyed. The TR symmetry enforcesKramers degeneracy , that is to say that for every
eigenstatej i, its time-reversed partner Tzj i is also an eigenstate and has the same
energy, but is orthogonal. These are known agramers pairs . This can be demonstrated

2This is the interaction of an electron’s spin with its motion inside the potential of the nuclei, and can
be thought of as an e ective magnetic eld seen by the spin of the electron in the rest frame.

B3 Relativistic in the sense that they are described by the relativistic Dirac equation, with the  Fermi
velocity taking the role of the e ective speed of light.
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2.3

using the anti-unitary nature of T; and the fermion condition, such that*4

h T ii=h% T2 i = hTy 4 i = h T i (2.7)
and soh ;T ii = 0. Consequently, in the presence of time-reversal symmetry
these counter-propagating states cannot backscatter into one another .IfaTR

breaking perturbation is applied (such as a magnetic impurity in a topological insulator),
a gap will open within the dispersion relation of the edge states and they will no longer
conduct, reducing the TI to a trivial insulator. However if a non-TR breaking perturbation
is applied the states will remain gapless and will be robust against the perturbation.

The Chern number from Section 2.1.3,n, does not survive in a time-reversal invariant
system. The new system has a new topological invariant which is not an integer, but rather
a Chern parity - it can be either odd or even. It is called aZ, invariant 1°. Essentially,
this Z, invariant counts the number of Kramers pairs of edge modes, integrating over half of
the Brillouin zone. If the overall Z, sum of occupied bands is even, the system is a regular
insulator; if the sum is odd, it is a topological insulator. For example, the 2D system
graphene possesses two Kramers pairs, has an ev&nand is thus a “trivial' system, whereas

a material with one or three Kramers pairs would be a topological system. A nontrivial
value for this quantity implies the existence of an odd number of gapless Dirac fermion
boundary states as well as a non-zero magnetoelectric polarization in three dimensions [18].

3D topological insulator (T1) materials

The rst 3D Tl material to be experimentally identi ed was Bi; xSby [42], predicted
by Fu and Kane [47]. It turned out to be poorly suited to detailed topological surface
state studies due to a complicated surface state structure - Rashba-splft surface states are
present alongside the topological surface states and predicted surface state structure has not
agreed well with experimental results. Instead, we focus on the BEe family of materials
(in particular Bi,Te3), predicted by Zhang in 2009 [48], whose model Hamiltonian for this
family of materials is used ubiquitously in theoretical studies alongside modi cations by Liu
et al [49]. Much work was done on these materials before their identi cation as potential
topological insulators, in part because of their excellent thermoelectric properties [73, 74].
We describe the crystal structure and symmetries of this material family, and follow the
derivation in [49] to write down the four-band Hamiltonian and the following e ective
surface state Hamiltonian  for topological insulators.

14 Using the de nition of an anti-unitary matrix ,such that ha;bi = h a; bi and the fermion condition
T?= 1

15This simply means the integers, Z, modulo 2.

18 A momentum-dependent splitting of spin bands in bulk crystals, a combined e ect of spin orbit
interaction and asymmetry of the crystal potential.
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Figure 2.5: Crystal structure and band structure of topological insulator mate-
rials: (a) Spatial view and (0001) projection of a BpTes unit cell with repetition of a Te Il
layer. The unit cell consists of three quintuple layers (QLs), which are bonded by weak van
der Waals forces. A QL consists of ve strongly bound alternating hexagonal Bi (purple)
and Te (teal) atomic sheets, shifted relative to each other. The height of the unit cell is
3:051 nm, and so each QL is 1 nm in depth. Energy and momentum dependence of the
local density of states (LDOS) for (b i) Bi»Se;, and (b ii) Bi,Tesz on the [111] surface.
Warmer colours represent higher LDOS. The surface states can be clearly seen around the
point as red lines traversing the bulk gap. Figure(a) created by S. Palmer. Figures
(b i) and (b ii) taken from [48], reprinted with permission from Springer Nature, Nature

Physics.
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2.3.1 Crystal structure and symmetry

Bi,Tez (and other materials in the same family, such as BiSe;) consists of ve-atom layers
stacked along thez direction (shown in Figure 2.5a), and bonded bymixed ionic-covalent
bonding . The coupling between two atomic layers within aquintuple layer (QL) is
strong, whilst that between QLs is predominantly due tovan der Waals forces and is
thus much weaker. A unit cell consists of three QLs, and has a height & 051 nm, with
each QL thus approximately 1 nm thick. Lattice symmetries of the material are comprised
of a three-fold rotation symmetry  along the z-direction, an additional two-fold rotation
symmetry along the x-direction and an inversion symmetry  with Te Il (Se Il) as the
centre of inversion. The material also obey$ime-reversal symmetry , as we would expect
for topological insulators (as per Section 2.2).

To understand the band structure of these materials, we use Biles as our example, and
starting with the isolated atomic orbitals we study all of the relevant interactions until we

get to the nal band structure, following the scheme in [49] and given diagrammatically
in Figure 2.6. Starting with the atomic orbitals of Bi and Te, we note that the electronic

con gurations of these elements are5s?6p° for Bi and 5s?5p* for Te.l’

As the outermost shells for both elements arg-orbitals , it is sensible to neglect all other
orbitals and only consider the p-orbitals. Within one QL, there are ve atoms in each unit
cell, each of which have 3 p-orbitalspy, py and p;, so overall there are 15 orbitals. We label
these orbitalsj ; i where = Bi, Bi° Tel, Te I® Te ll, and = x;y;z, as illustrated in
Figure 2.5a. As the Bi and Te atoms occur in alternate layers of the QL (with weak Van
der Waals forces inbetween QLS), the strongest interaction is the coupling between Bi and
Te layers.

This type of coupling causedevel repulsion , such that the Bi levels are pushed up and
form the new, hybridised statesjB i and jB®i, and the Te levels are pushed down and
form the new, hybridised statesjT i, jT% andjTO i demonstrated in Figure 2.6 (l).

As our system hasinversion symmetry , it is convenient to rewrite these orbitals as
bonding and anti-bonding states  with de nite parity, 18 such that

jP1; i= jBij B% ; (2.8)

ol ™ ol

jP2 ; i= iTij 7% : (2.9)
The upper index gives the parity of each state. When the energies of each level are calculated,
we nd that P1* and P2 are closest to the Fermi level, as shown in Figure 2.6 (Il). We
focus on these levels and neglect the others. We now note that due to thenisotropy

1" The same approach can be taken for BpSes, noting that the electronic con guration of Se is  4s24p®.
18 States can be reduced to linear combinations of states which are de nitively even or odd under a parity
(inversion) transformation.

19



Figure 2.6: The origin of the Bi ,Te 3 band structure:  Starting from the atomic orbitals

of Bi and Te, the following four steps are required to understand the band structure: (1)
The hybridization of Bi orbitals and Te orbitals, (I1) the formation of the bonding and
anti-bonding states due to the inversion symmetry, (Il1) the crystal eld splitting, and (1V)
the in uence of the SOC. Figure reproduced from [49] with permission from the American
Physical Society. This scheme also describes the band structure for other materials in the
Bi,Se; family.

of the crystal (i.e. that the x and y directions are di erent to the z direction due to the
layered structure of the material), there is an energy splitting between thepy,, orbitals
and the p, orbitals for both states. The Pl;y states have a higher energy tharP 1} , and
the P2,., states have a lower energy tharP2, . This means that the conduction band is
primarily dominated by P17, and the valence band is predominantlyP 2, , as demonstrated
in Figure 2.6 (llI).

So far we have neglectedpin, which we now include. The state§P1*; ; i andjP2 ;; i
are doubly degenerate, where we have added the extra index= 1=2 to denote spin. It
is convenient to transform the states such that

Jsps 1= B—Q(J U B T YRR D (2.10)
where = P1";P2 . The spin-orhit interaction couplesj ;pz;"i toj ;p+;#i and
i ip;#itoj ;p ;"i,inducing level repulsion. ConsequenthjP1"; 1=2i is pushed down

andjP2,; 1=2i is pushed up and the levels cross, as shown in Figure 2.6 (IV). As these
two pairs of states have opposite parity, their swapping leads tdand inversion , and gives
the topological signature of these materials. As these four bands are the closest to the Fermi
level, when considering the bulk Hamiltonian, it is su cient to neglect the other bands and
use afour-band Hamiltonian , with the other bands giving corrective perturbations [49].
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2.3.2 Four-band bulk Hamiltonian for Tls

The Hamiltonian can be derived by symmetry principles and considering the symmetries of
the crystal structure given in Section 2.3.1, or by using< p theory . | brie y cover the

k p method here and refer interested readers to [49] for the symmetry derivatiork p
theory is an approximated, semi-empirical approach used for calculating band structures.
The important topological physics in this material occurs near the point!®, and so the
wave function at the point is used as the zeroth order wave function, and

HKP = m—ok p; (2.11)
is treated as a perturbation, wherep = i~@ is the momentum operator acting on the
zeroth-order wave function and the crystal momentum is regarded as a small parameter
for the perturbation procedure. Then, the Hamiltonian can be expanded in powers of
allowing us to write down a low-energy, e ective Hamiltonian [49]. As described in
the previous section, we only consider the four bands nearest the Fermi level and so we
project the Hamiltonian onto the four bands jP1"; 1=2i andjP2,; 1=2i. The obtained
model Hamiltonian will depend on a series of matrix elements of momenturh 1; jpj 2; I,
which can be simpli ed by considering the symmetries of the crystal. The wave function
at the point can be obtained through ab initio calculations, and consequently all of
these matrix elements can be calculated. The in-depth calculation can be found in [49].
Following this scheme, the nal four band Hamiltonian is given by

0 1
m(k) Bokz 0 Aok
Bok k) Aok 0
= ool+ fooe MO Ao E; 2.12)
0 A0k+ m(k) Bokz
Aoks 0 Bok; m(k)

wherek = ky iky, m(k) = mo+ makZ+ my(ki+ k?) and o(k) = Co+ C1kZ+ Co(KZ + k).
All constants have numerical valuesO(1) in A.U., extracted from density functional
theory (DFT) calculations (given in Table 2.1). For all following calculations, we set
m; = m», (which gives a symmetric parabolic dispersion in all three dimensions
without sacri cing accuracy, as we will later nd that terms involving m3 are negligible
anyway), Ap = By (i.e. assumingisotropy in spin-orbit coupling strength in all three
directions to make the problem more tractable - we will take an averag@ = (2 Ag+ Bg))=3
to nd an e ective value), (k) =0 (restoring particle-hole symmetry  without sacri cing

¥The point is simply the formal name for the high-symmetry point of a dispersion relation for which
k = 0. After we have demonstrated that the surface state dispersion relation takes the form of a Dirac
cone, the point from then on will be referred to as the Dirac point.
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2.3.3

Ao Bo A Co Ci C, Mo mq ms
evA) (evA (vA (ev) (vA ? evA? (v) (VA2 (evA?

Bi,Se; 3.33 2.26 3.0 -0.0083 5.74 30.4 -0.28 6.86 445
Bi;Tes 2.87 0.30 2.0 -0.18 6.55 49.68 -0.3 57.38 45.02
Table 2.1: Four-band Hamiltonian parameters: The parameters (taken from [49],

originally extracted from DFT calculations) for the Hamiltonian describing the four bands
nearest the point of Bi,Se; and Bi,Tes.

too much accuracy, particularly when close to the point), giving the simpli ed Hamiltonian

0 1
m(k) Ak, 0 Ak
H (k) = %AKZ m(k) Ak 0 E : (2.13)
0 Ak mk) Ak,
Ak, 0 Ak,  m(k)

This Hamiltonian can be rewritten?° in terms of the Pauli matrices (given in Ap-
pendix A.1),

H(k)= m(k)1, 3+Ak; 3 1+Akx 1 1+Aky 2 g (2.14)

This form will be particularly useful in Chapter 4 when dealing with other coordinate
systems in which the Hamiltonian is more cumbersome.

Effective surface state Hamiltonian

We can now consider the physics at thesurface of a Tl material , still following the
method in Reference [49]. For mathematical ease, let us consider that the surface is the
plane z = 0, such that surface states are localised near the surface in tredirection. Close

to the point, linear terms will dominate and so all quadratic terms can be neglectett.
We can split the bulk Hamiltonian in Equation 2.14 into parts parallel and perpendicular to
the surface, such thatH = H, + H» (and including constant terms in H, ). Perpendicular

to the surface, we have that

Ho =moly, 3+ Ak; 3 1! (2.15)
We can replacek; ! i@ and obtain the eigenvalue problem
Mol 3 A 3 1@ = E : (2.16)

2The tensor product, , is de ned in Appendix A.2.
2lwe will see in Chapter 5 that this is not always the case.
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Due to the block diagonal form of the Hamiltonian, the eigenstates will have the form
! !

(2) = ()o : #(2) = 00 : (2.17)

where0 is the two-component zero vector. x(z) and -(z) are related by the time-reversal
operator. must then satisfy the eigenvalue equation given byH ., where

Hie=Akx 1 1+ Aky 2 1! (2.18)
Equivalently, this means that o obeys thee ective surface Hamiltonian
Hsurf(Kx; Ky) = A( 1kx +  2Ky) +const: (2.19)

This is a Dirac Hamiltonian  giving a linear, relativistic dispersion relation and tells us
that the surface states are described by massless Dirac fermions. By diagonalising, we nd
the dispersion relation

E= Ak (2.20)

where jkj = | k2 + k§. The surface states can also be directly extracted fronab initio
calculations by constructing maximally localized Wannier functions and calculating the
local density of states (LDOS) on an open boundary. The band structures of BSe; and
Bi,Tes are given in Figures 2.5b i and 2.5b ii respectively, showing a bulk band gap and
surface states traversing the gap in the form of a single Dirac coR®@ With a relatively
large band gap (0.3 eV [76]) and simple surface spectrum, B8e; is a good material with
which to study topological surface phenomena and was the focus of the original work on
topological insulator nanoparticles [5], but due to preexisting experimental abilities to
produce BbTesz hanoparticles, my work in Chapters 5 and 6 utilise ByTes (which has
a band gap of 0.17 eV [77]). It should be noted that the placement of the Dirac cone
relative to the conduction and valence bands will depend on theurface termination 23
of the system. For BiTes this subtlety is particularly important, as if the conventional
termination of a complete quintuple layer is used (such that the surface is made entirely
of Te atoms) then the Dirac point will touch the valence band. It is necessary to use a
non-conventional termination of part of a quintuple layer in order to achieve a Dirac cone in
the middle of the band gap [77]. Experimental con rmation of a single Dirac-cone surface
state for BioTez was reported in 2009 [45].

22Note that true 2D systems with TR symmetry will have an even number of Dirac cones (e.g. Graphene,
which has six Dirac cones [75]). 2D surface systems allow for a single Dirac cone, with the system described
as a “holographic metal'. This links back nicely to our discussion of Kramers pairs in Section 2.2.

Z Surface termination refers to the con guration of atoms at the surface of a nite sample of material.
In the case of a at sample of Bi,Tes, with a surface perpendicular to the z-axis, there are ve possible
terminations - one conventional termination resulting from a surface at the van-der-Waals gap of the
material, and four non-conventional, fractional quintuple layer terminations.

23



Figure 2.7: Optical phonons in Bi ,Tes: (a) Chain of ve atoms in a quintuple layer
used to demonstrate vibration dynamics highlighted with black outline and black lines
indicating their covalent bonds. (b) The (i) Raman active and(ii) IR active modes of
Bi,Tes, with subscripts g and u referring to Raman and IR active modes respectively. The
superscripts 1; 2 denote the low and high frequency modes respectively, while and A
refer to whether the modes are in-plane or out-of-plane. The signs denote in-plane and
out-of-plane movement. Figure modi ed from [78] with permission from John Wiley and
Sons, Physica status solidi (b).
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