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Abstract. We explore the existence of tightly confined gap modes in structures
consisting of two infinitely long graphene ribbons vertically offset by a gap. By
investigating carefully such a sandwich geometry we find that the gap modes
originate from a strong hybridization that gives rise to improved waveguide
performance while modifying the guiding behaviour compared to a single
ribbon. Our work particularly focuses on the physical origin and description
of these plasmon modes, studying the critical parameters of width, gap and
operation wavelength. This allows different regimes, coupling mechanisms and
mode families to be recognized. Importantly we show that the gap modes also
exist when a single graphene sheet is placed on top of a metal or a doped
semiconductor—a geometry that is readily achievable experimentally. As an
example we report on an unprecedented level of confinement of a terahertz wave
of nearly five orders of magnitude when a graphene ribbon is placed on top of
a highly doped silicon substrate. Because of their remarkable field distributions
and extreme confinement, the families of modes presented here could be the
building blocks for both graphene-based integrated optics and ultrasensitive
sensing modalities.
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1. Introduction

Since its discovery, graphene has emerged as a radically new platform for nanoscience and
condensed matter physics in general [1]. A truly two-dimensional crystal [2] with tunable
properties, the full potential of graphene is just being unveiled [3, 4]. In nanophotonics and
optoelectronics for instance [5–8], both intraband and interband processes can be engineered
from the terahertz range, where functional materials are sparse [9–12], to the visible, making
graphene an appealing candidate to supplant metals and semiconductors, respectively. Indeed
the carrier concentration and the Fermi level are easily modified through chemical doping [13]
or electrostatic gating [14–18], and optical injection [19] is also possible, paving the way
towards active ultrafast control of the graphene response. Another key component is the ability
to confine electromagnetic waves below the diffraction limit in order to obtain high local
field enabling nonlinearities and small lateral spreading for integrated optics. Conceptually
similar to SPPs in metals, in graphene these oscillations of the surface charge coupled to the
electromagnetic field exhibit unusually strong confinement compared to the former [20–22].
With sufficient doping there is even the prospect of operation in the telecom wavelength
regime [23].

In order to further engineer the plasmonic response of graphene, for applications as
electromagnetic waveguides similar to what has been done over the past decade with
metallic nanostructures [24], geometry-induced confinement is possible [25–37]. For instance,
nanoribbons can readily be fabricated by current e-beam technology and measurements
of plasmonic resonances were recently reported [16–18]. Theoretically, Nikitin et al [38]
studied thoroughly single ribbons and showed they exhibit typical plasmonic waveguide
modes with cut-off frequencies depending on the ratio between wavelength and width,
similar to the modes supported by metallic stripes for instance [39]. Graphene ribbons
also support very localized modes travelling along the edges [38] which derive from the
corner modes in plasmonic waveguides in the limit of vanishing thickness [39]. Paired
ribbons were then considered by Christensen et al revealing an even richer mode spectrum
caused by lift of degeneracy and hybridization [40]. However, in contrast to previous works
we are concerned with identifying simple configurations which can be easily realized in
experiments and effective way to describe the performances of these modes. We investigate
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here the full range of gap sizes, operation wavelengths and ribbon widths presenting a
complete overview of the coupled modes in graphene sandwiches including bonding and anti-
bonding waveguide modes. Highlighting the physics of the hybridization in these systems
we are able to conceive realistic and highly promising designs utilizing even a single
ribbon placed at a distance from a conductive plane, as will be shown in this paper. Our
study conclusively identifies the parameter space available for a graphene waveguide-lead
technology.

In the present study, we analyse infinitely long graphene nanoribbons placed on top of each
other and separated by a gap, a sandwich geometry. First of all, we introduce a new approach to
represent graphically the mode spectrum highlighting at the same time both the propagation of
the mode and its confinement. This proves to be ideally suited to distinguish different families
of modes sharing similar dispersion characteristics, and also simplifies their visualization in
case of high mode densities. Subsequently, we vary the width of the ribbons as well as the
wavelength of the incident light in order to sweep across the waveguide regime cut-off and
as a result notice the emergence of additional modes. More specifically, these modes can be
associated with symmetric and antisymmetric coupling of the isolated ribbon spectra. Analysing
carefully this hybridization with decreasing gap we observe different coupling mechanisms for
waveguide and edge modes, depending on their symmetries. Furthermore, it is shown that the
resulting coupled graphene sandwich always exhibits improved performance compared to the
single ribbon, as well as a modified cut-off behaviour. Some simple analytical relations allow
one to easily estimate the necessary doping at a given operation wavelength for optimum
propagation and single-mode regime, as well as determining the modal cut-off—essential
ingredients in any waveguide-based technology. Lastly, we demonstrate that similar modes are
also supported by more easily achievable systems, where a single graphene ribbon is placed
on top of a conducting substrate with a gap filled by a dielectric spacer. Remarkably, such a
configuration conserves the gap modes and promises high confinement of nearly five orders of
magnitude in the terahertz regime. From their very specific field distributions and extraordinary
confinement we also elucidate the advantages offered by each family of modes regarding
concrete applications such as sensing and nanocircuitry.

2. Classification of mode families

Before presenting the complex mode spectra of strongly coupled graphene nanoribbons, let us
first introduce the graphical convention used throughout this paper, and recall the modes that
exist in a single ribbon infinitely long in the Y -direction and of width W , shown schematically
in figure 1(a).

We consider here typical values for doped graphene with a chemical potential µ = 0.5 eV
and a charge carrier scattering rate 0 = 0.1 meV, described by a complex permittivity (see the
appendix) [38]. If we consider a wide graphene nanoribbon (see figure 1(a)), it has been shown
that this waveguide system can support two kinds of plasmon modes: on the one hand, edge
modes with very high one-dimensional confinement and on the other hand, typical waveguide
modes with cut-off frequencies depending on the ratio between wavelength and width as well
as the mode order [38]. Both types of mode are travelling along the Y -direction, with the
waveguide mode exhibiting a standing wave across the width and the edge mode having a field
distribution located close to the border of the ribbon. With each of these modes one can associate
a complex propagation constant q = kp/k0, with k0 = 2π/λ0 = ω/c the wavevector of light in
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Figure 1. (a) Axis convention and geometry of the considered graphene ribbon
with a chemical potential µ = 0.5 eV and charge carrier scattering rate 0 =

0.1 meV. (b) Normalized wavevector <(kp/k0) (blue lines) of the modes and
propagation length L/λ0 (red dashed curves) in log scale versus the frequency
for a 3000 nm wide graphene nanoribbon. (c) The same modes as in (b) at 25
(violet), 30 (orange) and 40 THz (green) plotted as L/λp versus <(kp/k0) on a
log–log scale.

vacuum, which describes the wavelength of the guided plasmon mode λp = 2π/kp = λ0/<(q)

and its propagation length L = λ0/4π=(q) defined as the 1/e intensity decay length of the
plasmon along its propagation direction. Traditionally, such a spectrum is plotted as shown
in figure 1(b), here for the case of a W = 3000 nm wide ribbon in the range 20–50 THz
(λ0 = 15 − 6 µm), with the normalized wavevector <(q) (blue curves) and the normalized
propagation length L/λ0 (red dashed lines) plotted separately versus the frequency [38, 41].
One can recognize the sharp decrease in the wavevector and the propagation of the mode when
it approaches cut-off. This modal cut-off means that as the frequency (or the width) decreases,
the group velocity slows down, causing a significant rise in the dissipation until the mode stops
propagating completely.

Since the decay of the modes is such a crucial property ultimately determining their
usefulness, we propose an alternative representation, selecting single frequencies, and plotting
the normalized propagation L/λp versus the normalized wavevector <(q) on a log–log scale,
see figure 1(c) for 25 (12), 30 (10) and 40 THz (λ0 = 7.5 µm). In this manner, one can easily
distinguish between the waveguide modes distributed along a line and the edge modes set
a bit apart at higher wavevectors. Low order modes are located at high wavevectors and
propagation lengths and these are simultaneously decreased when the order of the mode
increases. We will see later that this representation is also very instructive when coupling occurs
in multilayers, because the mode density increases considerably and it gets possible to follow
their behaviour simply by considering a single slice of the dispersion diagram, i.e. looking at
one frequency at a time, grouping the modes by families. The propagation compared to λ0

is also easily accessible by dividing L/λp by its abscissa, <(q). Last, the confinement of the
plasmon within the surrounding medium δ/λ0 = k0/4π=(kz), even though not included, is very

similar in magnitude to 1/4π<(q); indeed, since kp � k0, kz =

√
k2

0 − k2
p ∼ ikp which means

that =(kz) ≈ <(kp). Note as expected that these relations imply that for a given system and
mode order, a tighter confinement leads to a reduced propagation length and vice versa (see
figures 1(b) and (c)).
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Figure 2. (a) Ribbon geometry and symbols convention. (b) Mode spectrum of
300 nm (green) and 3000 nm (red) graphene ribbons at λ0 = 10 µm; the inset
shows the same modes with the propagation length normalized to the free space
wavelength. (c) Ez field with positive (negative) sign coloured in red (blue) for
the modes numbered in (b), the ‘∗’ denotes the degeneracy of the modes. (d)
Sandwich geometry and summary of the default parameters used throughout the
paper unless otherwise specified. (e) Mode spectrum exhibited by a sandwich of
two 3000 nm wide ribbons vertically offset by 2 nm, the inset is a zoom of the
green rectangle in the top right-hand side corner; bonding modes are represented
with full markers while anti-bonding ones are marked with open symbols. (f) Ez

field of the modes numbered in (e).

3. Results and discussion

3.1. Single versus sandwiched ribbons

Keeping this convention for plotting a mode spectrum, let us now compare the same ribbon
with a narrower one with a width small enough to be above the lateral cut-off at λ0 = 10 µm
(30 THz). A detailed account of the method used to determine this fundamental parameter
will be given in the next section. The top panel of figure 2 shows the modes of such a single
ribbon above (W = 300 nm, green symbols) and below (W = 3000 nm, in red) the waveguide
cut-off.

One can appreciate how the chosen convention for plotting helps to distinguish easily
between the waveguide and edge modes. In order to highlight this even further, we use different
symbols for plotting waveguide (circle) and edge (square) modes, see table in figure 2(a). The
inset in figure 2(b) shows L/λ0 rather than L/λp for the same structures. On the right-hand side,
the field Ez for the first three order waveguide modes (1–3) is shown with positive (negative)
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Figure 3. (a) Number of waveguide modes in a single graphene ribbon as
given by N < 2W

λ
[iε0(εm + 1)c/σ −

√
εm]. (b) Schematic of the hybridization

mechanism as seen in the dispersion diagram. (c) Mode spectra for a sandwich
with 300 nm width and 2 nm gap at different wavelengths; the marker legend is
the same than in figure 2(a).

sign coloured in red (blue). When comparing the edge modes, one can see a crucial difference
between narrow and wide ribbons. For the latter, there exist two degenerate modes (4∗, where
the ‘∗’ denotes the degeneracy of the modes) while the degeneracy is lifted as the ribbon gets
narrower (5–6) [38].

If two ribbons with W = 3000 nm are placed on top of each others with a gap G = 2 nm,
the spectrum splits up in bonding (full markers) and anti-bonding (open symbols) modes as
shown in the bottom panel of figure 2. Bonding modes have opposite charges across the gap
while anti-bonding ones have no field between the two ribbons [42]. This is apparent in the
field distributions of the first waveguide (3–4 versus 1–2) and edge modes (5∗ versus 6∗) on the
right-hand side. It is also intriguing to note that as the modes of a single ribbon, the bonding and
anti-bonding combinations follow the same linear dispersion on a log–log scale.

3.2. Mode evolution

3.2.1. Single ribbon cut-off. The cut-off regime and more generally the number of waveguide
modes in a plasmonic stripe can be well estimated from general considerations [41]. Writing all
the components of a surface plasmon polaritons (SPPs) with wavevector

−→
k = (kx , ky, kz) (see

figure 2(a) for the axis convention) we have at a given frequency (ω/c)2εm = k2
0εm = |k|

2
=

k2
x + k2

y + k2
z , where εm is the permittivity of the medium surrounding the conducting surface. In

the electrostatic limit, the in-plane momentum of such SPPs for an infinite graphene sheet reads

kspp =

√
k2

x + k2
y = iε0(εm + 1)ω/σ [23]. It is reasonable to assume that the vertical wavevector kz

is left mostly unaffected by the finite width of the ribbons so that the supported plasmons have
an in-plane momentum ∼ kspp. In order for waveguiding to occur k2

y > k2
0εm which imposes a

condition on kx through k2
x = k2

spp − k2
y < k2

spp − k2
0εm. At the same time, the highest order mode

supported by the stripe will have N extrema along the width so that kx,max = Nπ/W . Hence
it follows that the number of modes in a graphene ribbon is given to a good approximation by
N < 2W

λ
[iε0(εm + 1)c/σ −

√
εm].

Figure 3(a) shows the number of waveguide modes obtained from this derivation depending
on both the width and the operation wavelength for a single graphene ribbon. By comparison
with the numerical results we find a very good agreement.
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3.2.2. Cut-off in sandwich geometry. If one considers now a sandwich geometry, the
hybridization will lead to the formation of anti-bonding and bonding waveguide modes with
energies given by ω± = ω0 ± 1, with ω0 the single ribbon energy spectrum and 1 the energy
shift. This process is schematically presented in figure 3(b) and shows clearly that the cut-off
of the bonding (anti-bonding) mode will be redshifted (blueshifted) compared to the original
ribbon. It also elucidates that, for a given mode order, while anti-bonding have higher energies
than bonding modes, they exhibit smaller wavevectors.

The mode spectrum of a sandwich for the case of 300 nm wide ribbons with a 2 nm gap
is presented in figure 3(c). One can see that as the free space wavelength increases towards
the cut-off the number of modes gets reduced until (λ0 > 50 µm) only edge modes survive;
confirming the intuition provided by figure 3(b) anti-bonding modes do indeed disappear at
shorter wavelength than bonding ones. The latter are marked with a cross when still existing
above the cut-off of the single ribbon such as at 10 and 20 µm (green and orange symbols
in figure 3(c)). Because they have different field profiles than bonding waveguide modes and
exist only in a specific regime we will refer to these modes as gap modes in the following. The
properties of these modes as well as the conditions for their existence will be the focus of the
rest of this paper, along with a detailed study of the hybridization in such a sandwich geometry.
From figure 3(c) it can also be concluded that there is an optimum operation wavelength at
which propagation losses are minimum, here 20 µm (notice how both edge modes at 10 and
50 µm propagate less than at 20 µm). In fact, this optimum is mostly conserved from the isolated
ribbon and is given by the maximum of <(kspp)/=(kspp). However there is no such an optimum
for the confinement, which monotonically decreases as the wavelength increases. Interestingly,
the frequency at which the propagation is maximum also corresponds to a regime where there
exists only a single or few gap mode in the sandwich.

3.3. Mode hybridization

In order to obtain further insight into the hybridization mechanism we are going to consider the
same 300 nm wide sandwich below (at λ0 = 2.5 µm) and above cut-off (at λ0 = 10 µm) while
changing the coupling strength between the two ribbons, namely by modifying the interlayer
spacing.

3.3.1. Hybridization below cut-off (supporting waveguide modes). As described in the
previous section, when the waveguide modes of two ribbons start to interact, they will combine
into either an anti-bonding or a bonding state as shown in figure 4(a).

Investigating the mode spectrum, figure 4(b), two ensembles of modes, anti-bonding
(open symbols) and bonding (full markers), at small and large wavevectors, can be clearly
distinguished. As the gap is increased, the splitting is reduced until the two set of modes
converge at large gap to the spectrum of a single ribbon (in black). A similar behaviour is
also observed for the edge modes (squares) as indicated by the dashed line where the gap
lifts the degeneracy which exists in the uncoupled structure. There are two major conclusions
from figure 4: on the one hand, and as can be expected, when comparing the same mode order
the bonding modes of the sandwich geometry always present a stronger confinement (larger
<(q)) than the original ribbon, while anti-bonding modes exhibit longer propagation because
of decreased confinement. This means that if the hybridization, or in other words the gap,
can be controlled, one has a direct influence on the waveguiding properties of the graphene
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Figure 4. (a) Ez fields and hybridization mechanism between two single ribbon
waveguide modes splitting into anti-bonding and bonding combinations. (b)
Mode spectra of a graphene sandwich at λ0 = 2.5 µm (below cut-off) for
different gap sizes (coloured markers) compared with a single ribbon (black
symbols), the Ez fields for the numbered modes are shown in (a) and the dashed
line indicates the evolution of the edge modes with the gap.

Figure 5. (a) Ez fields and hybridization mechanisms for the symmetric and
antisymmetric edge modes in single ribbons when brought in proximity to each
others. (b) Mode spectra of a graphene sandwich at λ0 = 10 µm (above cut-
off) for different gap sizes (coloured markers) compared with a single ribbon
(black symbols); the dashed lines indicate the evolution for the two branches of
edge modes with different symmetries and the Ez fields for the numbered modes
are shown in (a). (c) Difference in the field |E | distribution between gap, anti-
bonding and bonding waveguide modes.

nanostructure. On the other hand, it reveals that because of symmetry the interaction only
proceeds between modes of the same order in the two ribbons.

3.3.2. Hybridization above cut-off (no waveguide mode). For narrower ribbons, or longer
wavelengths, the edges of a single structure are already able to interact lifting the initial
degeneracy, as was shown in figures 2(b)–(c) for instance. There, the narrow ribbon exhibits
two edge modes (5 and 6) while the wider graphene supports one degenerate mode (4∗) [38].
As seen in figure 5(a) (and figure 2(c)) the two resulting edge modes in narrow ribbons
have different symmetries and so cannot cross each other. Therefore, in a sandwich, one
sees the emergence of four edge modes which can be separated into two sub-families,
figure 5(a).

New Journal of Physics 15 (2013) 063020 (http://www.njp.org/)

http://www.njp.org/


9

In the mode spectrum, these two categories of edge modes will evolve as different branches,
as can be seen in figure 5(b) (and also figure 3(c)). For small gaps, the edge mode of lowest
symmetry (2) is disappearing while the two bonding states merge (3 and 4). Of particular interest
is the existence of bonding waveguide modes which survive above the original cut-off of the
single ribbon (marked with crosses) and to which we refer subsequently as gap modes. These
only exist for coupling strong enough to get a bonding cut-off at lower energy than the operation
wavelength (as shown schematically in figure 3(b)), i.e. for small enough gaps.

Besides dispersion, the field distributions displayed by the modes discussed here vary
considerably as well. For instance, the anti-bonding waveguide modes have an intense field
right at the surface of the nanostructure, see figure 5(c), which could be highly beneficial for
detection of surface modification such as binding events and so be of use in sensing schemes.
In addition, these modes can propagate long enough for the changes in the plasmonic response
to be measured electrically at the end of the ribbons. On the other hand, the field in bonding
waveguide modes is tightly confined within the gap with this geometrical dimension being
the main limitation to the confinement. The lateral spreading itself is just about a couple of
nanometres and the propagation is slightly over a hundred nanometres, making nanocircuitry
applications difficult. Most promising for integrated optics are the gap modes, which present
a slightly different field profile than the bonding waveguide modes—with some field located
close to the edges of the sandwich. Indeed these modes have a faster lateral decay than the
latter, combined with a propagation about 50 times longer. Moreover and as we are going to
show next, they also exist at the interface between a single ribbon and a conductor, such as
a metallic substrate or a doped semiconductor. Last, some fascinating new physics could be
uncovered in edge modes due to their singular dimensionality and extreme confinement. For
gap small enough (< λ0/1000) it is even possible to make ultra-narrow sandwiches (i.e. far
below the cut-off width) where the four edges interact into a bonding combination (mode 4 in
figures 5(a) and (b)) giving a field distribution mostly centred in the gap [40, 43]. This highly
coupled hybridized mode could mark the limit of field confinement and plasmonic integration
that could be ever reached.

3.4. Beyond graphene/air/graphene sandwiches

3.4.1. Graphene-conductor gap modes. One of the most attractive characteristics of graphene
is the spectral tunability offered by doping, which shifts the Fermi level and therefore the range
of frequencies in which plasmonic excitations can occur [23]. At a fixed wavelength, this means
that doping will considerably increase the propagation length of the modes, as illustrated in
figure 6 for the case of a sandwich (open triangles), but decrease the confinement.

Furthermore, changing the Fermi level affects the cut-offs of both the bonding and anti-
bonding modes. Indeed for the case of µ = 1 and 0.5 eV (above cut-off) there is no anti-bonding
waveguide mode while they start appearing for µ = 0.2 and 0.1 eV which have a sufficiently
higher cut-off.

All nanostructures considered until this point where free-standing and spaced by air
gaps which simplified discussion and understanding of the modes. Asymmetric dielectric
environments were already investigated [40], with the conclusion that the physics of the
hybridization was left largely unchanged by a modified surrounding. In particular, we observe
that the bonding modes are mostly sensitive to the gap refractive index and that the effect of
a substrate or a surrounding medium is very limited. However, anti-bonding modes, in which
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Figure 6. Mode spectra of (I) a graphene sandwich (open triangles) for different
dopings (or chemical potentials µ) compared with (II) a graphene ribbon placed
on top of a gold substrate spaced by a 2 nm thick dielectric spacer with refractive
index n = 1.5 (full squares) and (III) a wider ribbon at λ0 = 100 µm on top of a
silicon substrate coated with a 2 nm thick silica layer (full circles).

most of the field is located outside the gap, can completely disappear if the environment gets
too asymmetric (not shown here). This makes these modes indeed very suitable for sensing
modalities. The sandwich geometry even though very appealing for its performances could
prove difficult to achieve experimentally. Hence we consider now simpler and more realistic
configurations where a single ribbon is placed on top of a conducting substrate with a 2 nm
dielectric spacer with refractive index n = 1.5. This geometry can easily be achieved by coating
metals (for the visible and infrared regimes) or doped semiconductors (in the terahertz) with
oxides or thin organic layers.

As a first example, we analyse the modes exhibited by a single graphene ribbon deposited
on top of a gold substrate, see inset in figure 6. Along with the graphene sandwich discussed
earlier, we vary the doping of the ribbon and plot the resulting spectra in figure 6 (full squares).
Surprisingly, there are bonding modes with a metallic substrate as well and they are very similar
to the case of the sandwich. For example, the two cases above cut-off (µ = 1 and 0.5 eV) still
exhibit gap modes. However, since gold in this regime acts mainly as a perfect conductor, the
induced image charges have always the opposite sign of the ribbon plasmons thus preventing
the creation of anti-bonding configuration for both the edge and waveguide modes. Last, a slight
reduction of the propagation length can be noticed due to the asymmetric nature of the graphene-
gold geometries compared with the graphene sandwiches.

Another very appealing system is to use a highly doped silicon substrate with a thin
oxide layer for terahertz operation (here λ0 = 100 µm), as shown in the inset of figure 6.
Since the free-space wavelength is substantially bigger than previous cases the width of
the graphene ribbon is increased to W = 1.5 µm in order to support waveguide modes.
The spectra for this graphene/silica/silicon are plotted in figure 6 as full circles. The most
striking observation is that the same modes are present with similar propagation within a 2 nm
spacer while the wavelength is ten times larger than before. This represents an extraordinary
confinement of G/λ ∼ 50 000. That such a dramatic compression can be reached is surprising
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at first. However, one should remember that the modes are propagating in the horizontal
plane. Therefore, the main property governing the interaction across the gap is the evanescent
decay of the plasmons away from the graphene interface. In graphene, this decay is about
a couple of nanometres compared to metals which display a decay length 10–100 times
longer.

We foresee experimental demonstrations of the existence and manipulation of the gap
modes in such simple geometries. Due to their remarkable confinement and long propagation
they could be an ideal interface for integrated optics.

4. Conclusion

We analyse the physics of different kinds of guided modes in graphene nanoribbon sandwiches,
and notice the emergence of strongly confined modes where the hybridization mediated by the
interlayer spacing proves to be a powerful tool to modify the confinement and propagation
length. The interaction between two graphene sheets gives rise to the formation of bonding and
anti-bonding combinations of waveguide and edge modes of the single structure. Of particular
interest are the anti-bonding waveguide modes which exhibit high field concentration at the
external faces which can be used to probe the local environment in sensing schemes while
electromagnetic waves experience an unprecedented squeezing in the waveguide bonding states.
More attractive are the coupled modes which exist beyond the isolated ribbon cut-off as they
can propagate longer while keeping extreme confinement. We finally demonstrate that these
gap modes also exist at the interface between graphene ribbons and any conducting substrate.
This allows to compress terahertz waves into 2 nm gaps reaching confinement of about five
orders of magnitude. The use of semiconducting substrates promises an even greater control
over and integration of these modes. In consequence, such a simple configuration could serve
as building-blocks for tunable integrated optical components.
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Appendix

A.1. Numerical method

The numerical results presented here were calculated using the commercial FEM package
COMSOL considering infinitely long ribbons. The graphene is treated as an effective medium
with a thickness t = 0.5 nm. This thickness was judged sufficiently thin since the results had
converged for t 6 1 nm and allowed to access fully converged results with reduced computation
power. The conformal triangular meshing allowed element sizes s = t/2 to be used within the
ribbon and the smallest gaps with a convergence as good as when s = t/5. The permittivity
of the graphene was approximated by ε = 1 + iσ/ε0ωt as proposed in [4], where t is the
effective thickness. The conductivity itself was described according to the local random phase
approximation of the Kubo formula [44] which reads for finite temperature as σ = σintra + σinter
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Figure A.1. Real and imaginary parts of the conductivity (left) and permittivity
(right) for graphene at T = 300 K with µ = 0.5 eV and 0 = 0.1 meV. The
conductivity is given in units of πG0/4 = 6.08 × 10−5 S and the permittivity is
calculated for an effective thickness of 0.5 nm.

with the interband and intraband contributions being

σintra =
2ie2T

h̄2π(ω + i0)
ln

[
2 cosh

( µ

2T

)]
,

σinter =
e2

4h̄

[
1

2
+

1

π
arctan

(
h̄ω − 2µ

2T

)
−

i

2π
ln

(h̄ω + 2µ)2

(h̄ω − 2µ)2 + (2T )2

]
,

where T is the temperature energy, 0 the charge carriers scattering rate, µ the chemical potential
(or Fermi level) and h̄ω the photon energy. In all the calculations, T = 300 × kB, µ = 0.5 eV and
0 = 0.1 meV except in figure 6 where µ is varied from 0.1 to 1 eV. The real and imaginary parts
of the conductivity (left) and permittivity (right) of such graphene are presented in figure A.1.

The optical properties of gold and silicon (N = 1 × 1020 cm−3) were taken from
experimental data [45, 46].
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