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Abstract: Herein we demonstrate the dramatic effect of non-locality on the plasmons which contribute
to the Casimir forces, with a graphene sandwich as a case study. The simplicity of this system allowed
us to trace each contribution independently, as we observed that interband processes, although
dominating the forces at short separations, are poorly accounted for in the framework of the Dirac
cone approximation alone, and should be supplemented with other descriptions for energies higher
than 2.5 eV. Finally, we proved that distances smaller than 200 nm, despite being extremely relevant
to state-of-the-art measurements and nanotechnology applications, are inaccessible with closed-form
response function calculations at present.
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1. Introduction

Casimir forces are rare instances of quantum phenomena in room conditions, typically manifesting
as an attractive force between two conducting plates due to vacuum fluctuations [1,2]. These forces are
of critical technological importance, as they cause stiction in micro and nano electromechanical systems
(MEMS and NEMS) [3]. In addition, they are linked to many surface effects, such as wettability [4] and
friction [5], and hold promise as a means to achieve levitation [6].

It has been recognised that surface modes play a crucial role in Casimir forces, which is
particularly true for surface polaritons such as plasmons and phonons, where the associated pole in
reflectivity dominates the force [7,8]. Because of this property, surface modes are often engineered via
nanostructuration as a means to exert some control over and mitigate the strong attraction arising in
tiny gaps [9,10]. However, there is another crucial actor in the physics of dispersive forces; namely,
the optical non-locality of the materials [11–15]. This effect, also called spatial dispersion because the
polarisation field originates from an extended region of space rather than a point, translates into a
dependency of a medium response on the wave vector. It can play a major role in the forces, and tends
to be underestimated [14,16].

In this letter, we consider two graphene sheets as a case study to explore the importance of
non-local surface plasmons in Casimir forces. First we discuss the importance of doping and Drude
damping on the forces; then, we study in detail the effects of non-locality. Despite these modes
being strongly affected by Landau damping at short separation distances, we observe that interband
transitions dominate the force in this regime. Unfortunately, this corresponds to energies where
the Dirac cone approximation for the optical response of graphene breaks down, and a different
description of the dielectric response should be used for a more accurate analysis.

Physics 2020, 2, 22–31; doi:10.3390/physics2010003 www.mdpi.com/journal/physics

http://www.mdpi.com/journal/physics
http://www.mdpi.com
https://orcid.org/0000-0001-8025-4964
http://dx.doi.org/10.3390/physics2010003
http://www.mdpi.com/journal/physics
https://www.mdpi.com/2624-8174/2/1/3?type=check_update&version=2


Physics 2020, 2 23

2. Theoretical Framework and Results

Graphene, the first isolated 2D material, is a honeycomb lattice of carbon atoms exhibiting
exceptional physics, ranging from the room-temperature quantum Hall effect to relativistic charge
carrying [17]. Its optical properties are particularly enticing thanks to its linear, Dirac cone-like
dispersion (see Figure 1a); in fact, that is the driving force in several nanophotonic situations [18–24].
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Figure 1. (a) Band diagram of doped graphene in the Dirac cone approximation showing interband
and intraband transitions at energies E> and < 2µ respectively. (b) Geometry of the graphene sandwich,
showing transparency to propagating modes and interaction between highly confined surface plasmons.
(c) Anti-symmetric (or antibonding) and symmetric (or bonding) plasmon modes between two doped
graphene sheets (µ = 0.5 eV) separated by d = 50 nm at h̄ω = 0.165 eV.

Indeed, this unusual behaviour allows for broadband absorption and is complemented by a large
tunability afforded by doping [25]. This tunability enables both interband and intraband transitions,
and allows for spectral control over Pauli blocking and Drude response [26].

We are especially interested in graphene because it is mostly transparent to propagating modes,
and therefore supports strongly confined surface plasmons. This unique property suggests that the
Casimir forces could be solely governed by the plasmonic response. In addition, the 2D nature
of graphene allows for a simpler system and implementation, reducing the number of variables
considerably, while still manifesting a very rich physics. This makes graphene an ideal platform for
the study of Casimir forces.

2.1. Graphene Response

At zero temperature, the non-local susceptibility of a doped graphene sheet with chemical
potential µ =

√
Nπh̄vF within the random phase approximation can be written as
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(1)

where k‖ is the in-plane wave vector, ω the angular frequency, and E± = (2µ ± h̄ω)/h̄vFk‖ is the
rescaled energy change upon absorption (+) and emission (−) of a photon. The prescription ω →
ω + i0+ applies so that the function is analytic in all of the upper complex plane [27]. In Equation (1),
the terms in arccosh correspond to the interband transitions taking place at h̄ω > 2µ, while the terms in√

1− E2
± characterise the intraband (Drude) response; see Figure 1a. In order to conserve the number

of charge carriers at finite relaxation time τ = 1/Γ, one must also make use of the Mermin prescription,
given by [28]:

χτ(ω, k‖) =
(1 + iΓ/ω)χ(ω + iΓ, k‖)

1 + (iΓ/ω)χ(ω + iΓ, k‖)/χ(0, k‖)
. (2)

When non-locality is ignored, i.e., k‖ → 0, the susceptibility of graphene can be simply written as

χ(ω) = − e2

πh̄2
µ

ω(ω + iΓ)
+

e2

4h̄ω

[
iH(h̄ω− 2µ)− 1

π
log
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h̄ω + 2µ

∣∣∣∣] , (3)

whereH is the Heaviside function [25]. Again, one can recognise a Drude (intraband) response in the
first term, while the second term accounts for interband transitions.

2.2. Lifshitz Formalism

We make use here of the intuitive and elegant theoretical framework developed by Lifshitz [29–31]
to calculate the Casimir forces in our planar geometry, which consists of three media separated by
two graphene sheets, as shown in Figure 1b. The pressure is obtained by summing all possible
electromagnetic modes (evanescent and propagating) via Fresnel reflection coefficients.

Within the Lifshitz formalism for dispersive materials at zero temperature, the Casimir pressure
and energy density as a function of the plate separation d can be calculated using real frequencies from

Pc(d) = − h̄
2π2 ∑

ρ=s,p

∫ ∞

0
k‖
∫ ∞

0
Im

{
q2
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12(ω)rρ

32(ω)
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32(ω)

}
dω dk‖, (4)
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]}
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with ρ, the polarisation; and qi(ω, k‖) =
√

k2
‖ − εi(ω)(ω/c)2 is the modified normal component of the

wave vector in each region. The indices denote the different media, 2 being the gap region and 1 and 3
the left and right-hand half-spaces respectively, as in Figure 1b. The sign convention for the force is
that of a negative sign for attraction.

It is often more computationally convenient to calculate the Lifshitz integrals at imaginary
frequencies, ω = iξ, using the form

Pc(d) = − h̄
2π2 ∑

ρ=s,p

∫ ∞

0
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In this case one needs to make use of modified optical functions for the materials ε(iξ, k‖), χ(iξ, k‖),
etc. [32].

Here we consider interfaces covered by graphene, so that the Fresnel coefficients for p (TM) and s
(TE) polarization are given by [8,14,16,33]

rs
i2 = − qi − q2 − µ0ω2χ

qi + q2 − µ0ω2χ
, (8)

rp
i2 =

ε2qi − εiq2 + qiq2χ/ε0

ε2qi − εiq2 + qiq2χ/ε0
. (9)

2.3. Intrinsic Graphene

In order to understand and correctly trace each contribution to the Casimir forces between
graphene sheets, we start by investigating the effects caused by variation in the doping levels of
graphene for a broad range of separation distances. Note that as we are interested in gaining physical
insights into the phenomena at hand, we restrict ourselves to the case of suspended sheets at zero
temperature. Environments different from vacuums result merely in screening, which leads to rescaled
forces but no conceptual difference. Similarly, thermal effects bear little consequence for separations
below a few tenths of a nanometre [14,16,34], and do not affect the following discussion either. We show
in Figure 2 the Casimir pressure normalised to the pressure between two perfect electric conducting
(PEC) plates [32] PPEC = −h̄cπ2/240d4.

Figure 2. Attractive Casimir pressure between two graphene sheets in a function of distance and
normalised to the pressure between two perfect conductors PPEC = −h̄cπ2/240d4. The green line
at P/PPEC ∼ 0.00538 is the force between two intrinsic graphene sheets with universal conductance
σ0 = e2/4h̄. Dashed green is one undoped sheet on top of an aluminium (Drude, h̄ωp = 12.5 eV,
h̄Γ = 0.063 eV) half-space. Full blue (red) is the force between two doped sheets with µ = 0.2 eV
(µ = 2 eV) and zero relaxation frequency. Dashed red is the same as red but with Drude damping
included (h̄Γ = 0.1 eV).

First consider intrinsic graphene (µ = 0 eV, solid green curve), which is described by the universal
conductance [35] σ0 = e2/4h̄ = παcε0. In this case the normalised Casimir pressure is constant [36],
with P/PPEC = 720α/32π3 ∼ 0.00538, where α = e2/2hcε0 ∼ 1/137 is the fine structure constant.
As we will see later, this behaviour is fully dictated by the assumption that the electronic band structure
of graphene is linear; i.e., described by a Dirac cone [35] for all energy transitions. In reality, graphene
only takes this particular value in a limited energy range 2µ < h̄ω < 2.5 eV, at which point the Dirac
cone approximation breaks down [37].
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For comparison, we also show the pressure between such an undoped graphene sheet and an
aluminium half-space (dashed green curve), described by a Drude model with h̄ωp = 12.5 eV and
h̄Γ = 0.063 eV [7]. Short distances correspond to high frequencies in the calculation of the force (see
Equation (4)), such that the Drude response becomes transparent in the short distance regime, leading
to a drastic reduction of the force per unit area. On the other hand, for large separations (relating to
low energies), the aluminium becomes a very good metal, approaching the theoretical limit between
graphene and PEC [33], with P/PPEC ∼ 0.025. This simple example shows the importance of the high
frequency response of the materials within the Lifshitz formalism at short separations. We return to
this central aspect in the last section of the article.

3. Discussion

3.1. Effects of Doping and Loss

When graphene is doped, it becomes more metallic, and one can observe at a larger pressure in
Figure 2 for increased doping (solid blue and red lines). However as the distance is reduced, favouring
higher energies in the Lifshitz integral, the pressure converges to the case of intrinsic graphene. This is
because at sufficiently high energies, the response of graphene is dominated by interband terms, which
do not depend on doping, whereas intraband processes are forbidden for h̄ω > 2µ [26]. Therefore,
for undoped graphene, only interband transitions contribute. This leads to the universal conductance
described above, towards which doped graphene converges at high energies.

We also plot the pressure for a finite scattering rate (h̄Γ = h̄/τ = 0.1 eV, dashed red line),
which results in a drastic reduction of the force at large distances but has little effect at short
separations. Such Drude damping corresponds to Ohmic losses accompanying the conduction current,
which dominates the response of a conductor at low frequencies. As the frequency increases, free
carriers start to lag behind the field, and the material response is instead dominated by the polarization
field, in which Joule heating plays a negligible role.

3.2. Non-Local Plasmons

To gain a deeper understanding of the effect of plasmons on the pressure, it is helpful to study its
spectrum in ωk space, given by the integrand [7] of Equation (4). Several spectra are presented for the
case of doped sheets (µ = 0.5 eV, h̄Γ = 0.02 eV, vF = 106 ms−1) in Figure 3.

In these spectra we can clearly observe the strong poles produced by the surface plasmons,
as illustrated in Figure 1c. These confined oscillations of free charges on each sheet couple together to
form bonding ( or symmetric, ω−) and anti-bonding ( or anti-symmetric, ω+) hybrids contributing
attractively/repulsively to the force respectively [7,8]. Most guided modes give rise to similarly strong
contributions [38], and therefore, there is a general interest in trying to use them to control the Casimir
force with the help of nanostructuration [9,10].

As the distance is decreased, such as in the step from Figure 3a,b to Figure 3c,d, the increased
coupling leads to stronger modes which extend to larger wave vectors. At these shorter distances,
non-local effects change the dispersion of the plasmons dramatically, mostly due to Landau damping,
which takes place at h̄ω/µ ≥ 2− k/kF and is clearly visible in Figure 3d. From Figure 3, we can
deduce a cross-over in the coupling strength between the plasmons, where the Casimir forces will
transition from being governed by Ohmic losses at low frequency and momentum to that of Landau
damping when the plasmons are suitably energetic.
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Figure 3. Force per unit area spectrum (in Ns/m3) of two graphene sheets (µ = 0.5 eV, h̄Γ = 0.02 eV,
vF = 106 ms−1) separated by (a,b) 10 and (c,d) 1 nm for the (a,c) local (k = 0) and (b,d) non-local cases.
The axes have been renormalised to kF = µ/h̄vF and µ respectively. We also plotted as a dashed line,
the dispersion relation for uncoupled surface plasmons in the local picture ksp = −2ε0/χ.

3.3. Contributions to the Forces

We now turn to the various contributions to the force by separating interband from intraband
terms, considering polarisation, and comparing the local and non-local calculations in Figure 4.
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Figure 4. Contributions to the Casimir forces between two graphene sheets (µ = 0.5 eV) as a function of
the distance and normalised to the pressure between two perfect conductors PPEC. Full lines represent
the local case, whereas the circles denote the local situation. The dashed black line is the total force
between intrinsic graphene sheets, P/PPEC ∼ 0.00538. The inset shows the region in the dashed box,
where the difference between the local and non-local cases is greatest.

As is well known [14], at large separations both TE and TM modes have a similar strength,
originating from waveguided modes within the gap region [39]. In this regime, interband processes
are negligible because the relevant energy scale is much smaller than 2µ.

As the distance is decreased, all guided modes (both TE and TM) are cut-off and only surface
plasmons, which are TM excitations, are left to contribute to the force. However, the strength of interband
transitions also rises strongly at small separations, overcoming that of the intraband response at 2 nm for
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the doping considered here (µ = 0.5 eV). As discussed earlier, at very short distances the force is mainly
due to the interband transitions, and hence the convergence to the case of undoped sheets.

When including the effect of non-locality, displayed as open circles in Figure 4, we observe that
mostly TM intraband processes, typically plasmons, are affected. This confirms the intuition derived
from Figure 3. These excitations suffer from strong Landau damping at short distances because they
correspond to a regime of high phase velocity (momentum), thereby reducing the force compared to
the local picture. We can appreciate in the inset of Figure 4 that the non-locality makes a difference in
the force spectrum, but it does not in the force.

3.4. Dirac Cone Approximation

Although the previous discussion provides good insight, it ignores a crucial issue related to the
Lifshitz formalism in the calculation of the Casimir force. The problem arises from the need to integrate,
to infinite frequency, an expression dependent on the susceptibility of graphene.

While the integral converges quickly along imaginary frequencies and can thus be truncated,
shorter separations make higher and higher energies relevant. Therefore, the description of graphene
must remain valid at these higher energy scales. Unfortunately, the closed-form susceptibility equation
we use is only accurate below 2.5 eV, beyond which the Dirac-cone approximation breaks down due
to the van Hove singularity and many-body effects, such as excitonic excitations [37,40]. In such a
situation we should resort experimental data or more accurate descriptions of the susceptibility. In fact,
if the response of graphene was known exactly at all relevant frequencies, the calculation of the force
within the general Lifshitz framework should be accurate down to a few angstroms, at which point the
evanescent decays of the π orbitals on each graphene sheet start to interact.

In order to illustrate this issue and test the validity of the Lifshitz approach in the case of graphene,
we calculated the deviation arising from truncating the integral (Equation (7)). This truncation does not
have a physical meaning; its purpose is just to have an idea of the importance of the high energy region
on the Casimir effect. The results are shown in Figure 5, where we plotted δE = (Etruncated − E∞)/E∞

with E∞ given by Equation (7), and Etruncated is the same integral but truncated to h̄ωmax = 2 eV (red
lines) or 10 eV (blue lines).
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Figure 5. Relative deviation from the Casimir energy when truncating the integral Equation (7) at
h̄ωmax = 2 eV (red) or 10 eV (blue) compared to infinity. Dashed lines are for intrinsic graphene sheets
and full for µ = 2 eV.

It is clear from the dashed lines in Figure 5 that the RPA response used here (Equation (1)) breaks
down below 200 nm because it fails to take into account the Van Hove singularity, as discussed earlier.
Unfortunately, even a response that would be accurate up to 10 eV, which corresponds to the deep UV,
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may not be capable of predictions for distances shorter than a few tens of nanometres. Nevertheless,
it would be advisable for calculations made within this energy range to make use of experimental data
for the response of graphene as they are certainly more appropriate than the available RPA.

When doping is considered (full lines), intraband excitations are allowed and the weight of the
interband term in the integral is decreased, reducing the deviation severalfold for µ = 2 eV. This still
does not solve the problem of deviation at quite large separations.

4. Conclusions

In this letter, we have revisited Casimir forces between graphene sheets, placing a particular
emphasis on their physical origins. To that end we isolated each contribution, explaining in detail
the energy range and corresponding separation distances in which they are influential. Furthermore,
we made use of the force spectrum representation [7] to highlight the importance of surface plasmons
and their dependency on non-locality. We observed that non-local effects do indeed strongly affect
these modes at short distances, due to Landau damping. At large separations (low frequency),
where a conduction current is prominent in the graphene response, they are instead very sensitive to
Ohmic losses.

However, for small gaps, interband transitions dominate because the form of the graphene
response considers that they exist, unmodified, to infinity. This arises from the linear dispersion
predicted by the Dirac cone approximation, which contradicts experiments [37] for h̄ω > 2.5 eV.
By truncating the integral at this value, we showed that this description is unsuited to calculate the
Casimir forces between graphene sheets below 200 nm separation distance. This means that there
is currently a vast and technologically critical parameter space which is inaccessible by closed-form
response function calculations, but of course, this can be fixed using experimental data.
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